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Abstract

This paper extends the previous literature on the normative links between the measurement of
poverty, social welfare and inequality.  We show how, when the range of possible poverty lines is
unbounded above, a robust ranking of absolute poverty may be interpreted as a robust ranking of
social welfare, and a robust ranking of relative poverty may be interpreted as a robust ranking of
inequality for any order of stochastic dominance.  This interpretation is also valid when the
maximum poverty line is bounded and for certain orders of stochastic dominance, so long as social
welfare and inequality judgements are “censored''.  We also develop new criteria of restricted
inequality dominance, and find that they warn against the use of some popular indices of relative
poverty and censored inequality.  Finally, we illustrate geometrically how the new criteria of
restricted inequality dominance extends the ranking power of previously proposed dominance
criteria.

Résumé

Cet article propose un prolongement des résultats existant dans la littérature sur les liens normatifs
entre les mesures de pauvreté, de bien-être social et d’inégalité.  Lorsqu’il n’y a pas de borne
maximale sur les seuils de pauvreté admissibles, nous montrons comment il est possible
d’interpréter, d’une part, un classement de pauvreté absolue comme un classement de bien-être
social et, d’autre part un classement de pauvreté relative comme un classement d’inégalité.  Cette
interprétation est valide pour tous les ordres de dominance stochastique.  Elle est aussi valide
lorsqu’il existe une borne supérieure aux seuils de pauvreté admissibles pour certains ordres de
dominance stochastique.  Les jugements de bien-être social et d’inégalité sont alors “censurés”.
Nous développons aussi des nouveaux critères de dominance restreinte pour les jugements
d’inégalité censurée et discutons de la cohérence de ce critère avec des indices de pauvreté et
d’inégalité censurée fréquemment utilisés.  Finalement, nous illustrons géométriquement comment
ces nouveaux critères de dominance d’inégalité restreinte élargissent le pouvoir de classement des
critères de dominance existant.
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4 Lqwurgxfwlrq

Wkh frpsdulvrq ri glvwulexwlrqv ri zhoo0ehlqj/ dqg lq sduwlfxodu wkh ghyhors0

phqw ri phwkrgrorjlhv wr hvwdeolvk wkh qrupdwlyh urexvwqhvv ri vxfk frpsdu0

lvrqv/ kdv ehhq wkh irfxv ri d odujh olwhudwxuh lq wkh odvw wkuhh ghfdghv1 Slr0

qhhulqj zrun dgguhvvhg wkh phdvxuhphqw ri lqhtxdolw| +Nrop +4<9<,/ Dwnlq0

vrq +4<:3,/ dqg Gdvjxswd hw1 do1 +4<:6,,/ xvlqj wkh qrz zlgho| xvhg Oruhq}
fxuyhv1 Wklv zdv h{whqghg wr wkh phdvxuhphqw ri vrfldo zhoiduh e| Vkruurfnv
+4<;6, dqg wr sryhuw| e| Dwnlqvrq +4<;:,/ Irvwhu dqg Vkruurfnv +4<;;d/ e,/
dqg Mhqnlqv dqg Odpehuw +4<<:/ 4<<;d/ e,1 Irvwhu dqg Vkruurfnv +4<;;d/
e/ dqg f, ixuwkhu lqwhjudwhg wklv olwhudwxuh e| hvwdeolvklqj wkdw sryhuw| ru0
ghulqjv iru wkh IJW +Irvwhu/ Juhhu dqg Wkruehfnh +4<;7,, lqglfhv zklfk duh
urexvw wr zlgh yduldwlrqv lq wkh sryhuw| olqh duh lq idfw htxlydohqw wr vwrfkdv0
wlf grplqdqfh rughulqjv ri vrfldo zhoiduh ru lqhtxdolw| ri rughuv rqh wr wkuhh1
Wkh| dovr vkrzhg wkdw/ xqghu vrph flufxpvwdqfhv/ frpsdulvrqv ri devroxwh
sryhuw| wkdw duh urexvw xs wr d �qlwh xsshu erxqg iru udqjhv ri sryhuw| olqhv
duh htxlydohqw wr zhoiduh frpsdulvrqv iru glvwulexwlrqv wkdw duh fhqvruhg dw
wkh vdph xsshu erxqg iru rughuv ri grplqdqfh rqh wr wkuhh1

Wklv sdshu �uvw jhqhudol}hv wkhvh �uvw0/ vhfrqg0/ dqg wklug0rughu htxly0
dohqflhv wr d eurdghu fodvv ri sryhuw|/ lqhtxdolw| dqg vrfldo zhoiduh lqglfhv1
Wklv lv idluo| vwudljkwiruzdug jlyhq wkh olqn ehwzhhq lqglfhv ri wkh IJW fodvv
dqg wkh ixqfwlrqv xvhg wr whvw iru sryhuw| grplqdqfh ri ydulrxv rughuv1 Lw
wkhq hvwdeolvkhv wkh frqglwlrqv xqghu zklfk wkhvh htxlydohqflhv pd| krog
iru dq| kljkhu0rughu grplqdqfh1 D fulwlfdo hohphqw ri wkhvh frqglwlrqv lv
wkh fkrlfh ri d pd{lpxp erxqg iru zhoiduh grplqdqfh whvwv dv zhoo dv iru
wkh udqjh ri dgplvvleoh sryhuw| olqhv lq sryhuw| grplqdqfh whvwv1 D srsxodu
fkrlfh iru wkh xsshu erxqg ri vrfldo zhoiduh frpsdulvrqv lv wkh pd{lpdo ohyho
ri zhoo0ehlqj irxqg lq d vdpsoh1 Zh vkrz/ krzhyhu/ wkdw h{whqglqj wkdw xs0
shu erxqg wr lq�qlw| lqfuhdvhv wkh udqnlqj srzhu ri vrfldo zhoiduh grplqdqfh
fulwhuld1 Wklv dovr uhfrqflohv zhoiduh dqg sryhuw| grplqdqfh rughulqjv dw dq|
rughu ri vwrfkdvwlf grplqdqfh1

Zh dovr lqwurgxfh wkh frqfhsw ri fhqvruhg lqhtxdolw| frpsdulvrqv1 Lq
grlqj wklv/ zh ghyhors olqnv ehwzhhq wkhvh fhqvruhg lqhtxdolw| frpsdulvrqv
dqg uhodwlyh sryhuw| frpsdulvrqv +vxfk dv frpsdulvrqv ri wkh sursruwlrqv
ri lqglylgxdov ehorz d fhuwdlq sursruwlrq ri wkh phdq,1 Wklv lv sduwlfxoduo|
uhohydqw lq wkh oljkw ri wkh lqfuhdvlqj srsxodulw| ri uhodwlyh sryhuw| frp0
sdulvrqv dfurvv ghyhorshg frxqwulhv/ dqg wkh vxvslflrq riwhq h{suhvvhg wkdw
wkhvh duh uhdoo| frpsdulvrqv ri lqhtxdolw|1 Wklv dovr ohdgv wr wkh ghulydwlrq
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ri uhvwulfwhg lqhtxdolw| grplqdqfh fulwhuld1 Vxfk fulwhuld duh lq idfw riwhq
lpsolflwo| +wkrxjk lqfrpsohwho|, dssolhg lq wkh hpslulfdo olwhudwxuh rq wkh
glvwulexwlrq ri zhoo0ehlqj1 Rughulqj wrrov iuhtxhqwo| xvhg lqfoxgh udwlrv ri
txdqwlohv ryhu phdqv/ udwlrv ri txdqwlohv dqg lqwhutxdqwloh gl�huhqfhv qru0
pdolvhg e| wkh phdq1 Zh vkrz/ krzhyhu/ wkdw wkh odwwhu wzr wrrov duh qrw
frqvlvwhqw zlwk lqhtxdolw| grplqdqfh rughulqjv ri dq| rughu/ dqg fdq wkxv
frq lfw zlwk frpprqo| dffhswhg hwklfdo fulwhuld iru frpsdulqj lqhtxdolw| lq
glvwulexwlrqv ri zhoo0ehlqj1 Zh frpsohwh wkh dqdo|vlv e| looxvwudwlqj jhr0
phwulfdoo| krz wkh ruglqdo udqnlqj srzhu ri lqhtxdolw| grplqdqfh fulwhuld lv
lqfuhdvhg e| d irfxv rq uhodwlyh sryhuw| dqg uhvwulfwhg lqhtxdolw| grplqdqfh1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 gh�qhv fodvvhv ri
sryhuw|/ lqhtxdolw|/ dqg vrfldo zhoiduh lqglfhv1 Vhfwlrq 6 xvhv wkhvh fodvvhv wr
ghyhors ydulrxv fulwhuld iru vwrfkdvwlf grplqdqfh1 Vhfwlrq 7 hvwdeolvkhv olqnv
ehwzhhq sryhuw| frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri vrfldo
zhoiduh dqg lqhtxdolw|/ rq wkh rwkhu1 Vhfwlrq 8 ghyhorsv fulwhuld iru fhqvruhg
zhoiduh dqg lqhtxdolw| frpsdulvrqv1 Vhfwlrq 9 glvfxvvhv wkh olqnv ehwzhhq
lqhtxdolw| dqg uhodwlyh sryhuw| grplqdqfh dqg vrph ri wkh lqglfhv riwhq
xvhg lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri zhoo0ehlqj1 Vhfwlrq :
suhvhqwv d jhrphwulf dqdo|vlv ri wkh lqfuhdvh lq wkh ruglqdo udqnlqj srzhu
surylghg e| uhvwulfwhg lqhtxdolw| grplqdqfh fulwhuld/ frpsduhg wr vrph ri
wkh h{lvwlqj fulwhuld dqg dowhuqdwlyh dssurdfkhv1 Vhfwlrq ; frqfoxghv1

5 Fodvvhv ri Sryhuw|/ Zhoiduh/ dqg Lqhtxdolw|

lqglfhv

Zh zlvk wr frpsduh wzr glvwulexwlrqv ri zhoo0ehlqj + +lqfrph/ iru vkruw,/
hdfk ri zklfk lv uhsuhvhqwhg e| d glvwulexwlrq ixqfwlrq gudzq iurp wkh vhw
@=

@ G' i8 G dfc @o $ dfc �o m8 lv qrqghfuhdvlqj/ frqwlqxrxv dqg rqwrj c

zkhuh 8 lv dq lqfrph glvwulexwlrq ixqfwlrq dqg @ lv vrph ydoxh htxdo wr

+ru h{fhhglqj, wkh pd{lpxp srvvleoh lqfrph1 Zh frqvlghu irxu w|shv ri

frpsdulvrqv iru wkhvh glvwulexwlrqv= frpsdulvrqv ri devroxwh sryhuw|/ uhodwlyh

sryhuw|/ vrfldo zhoiduh/ dqg lqhtxdolw|1 Wr frpsduh devroxwh sryhuw|/ wkh

dqdo|vw pxvw �uvw fkrrvh d sryhuw| olqh/ 5c vxfk wkdw lqglylgxdov hduqlqj

ohvv wkdq wklv dprxqw duh lghqwl�hg dv srru1 Vxevhtxhqwo|/ d sryhuw| lqgh{/
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��c pxvw eh vhohfwhg wr djjuhjdwh wkh gl�huhqw lqglylgxdov* frqwulexwlrqv wr

sryhuw|1 Lq wklv sdshu zh irfxv rq dgglwlyh sryhuw| lqglfhv/ vxfk wkdw=

��

8
E5� '

]
@

f

R� E+c 5� _8 E+� c +4,

zkhuh=
R� E+c 5� � fc li + � 5c

R� E+c 5� ' fc li + : 5�

,
+5,

Wkh ixqfwlrq R� E+c 5� uhsuhvhqwv wkh frqwulexwlrq wr wrwdo sryhuw| pdgh

e| dq lqglylgxdo zlwk lqfrph +�D srsxodu h{dpsoh ri dgglwlyh sryhuw| lqglfhv

lv wkh fodvv ri IJW +Irvwhu/ Juhhu dqg Wkruehfnh +4<;7,, lqglfhv/ gh�qhg dv=

8CA8 Ekc 5� '
]

5

f

E5 � +�k _8 E+� � +6,

Rwkhu h{dpsohv ri dgglwlyh lqglfhv duh wkh Fndnudyduw| +4<;6, sryhuw| lqglfhv
dqg wkh Zdwwv +4<9;, lqgh{/ gh�qhg dv

` '

]
5

f

*L} E+*5� _8 E+� +7,

dqg zklfk fdq lq wxuq eh vhhq dv d wudqvirupdwlrq ri d sduwlfxodu fdvh ri wkh
fodvv ri Fodun/ Khpplqj dqg Xosk*v +4<;4, vhfrqg fodvv ri sryhuw| lqglfhv1
Zh uhjurxs wkhvh dgglwlyh lqglfhv lqwr fodvvhv �r

�
c r ' �c 2c � � � c ri devroxwh

sryhuw| lqglfhv1 Wkhvh fodvvhv duh gh�qhg e|=

�
r

�
G'

+
��mR� E+c 5� 5 e�

r

dqg E����
YR� E+c 5�

Y+�
� f ;� ' �c 2c � � � c r

,
c

+8,
zkhuh 	

�

r
uhsuhvhqwv wkh vhw ri ixqfwlrqv wkdw duh r wlphv slhfhzlvh gl�huhq0

wldeoh rq dfc4� 4
� Zh zloo uhwxuq odwhu rq sdjh 9 wr wkh lqwhusuhwdwlrq ri wkh

frqglwlrqv rq wkh ghulydwlyhv lq +8,1

4
Qrwlfh wkdw li wkh +v� 4,0wk ghulydwlyh ri d ixqfwlrq lv slhfhzlvh gl�huhqwldeoh/ wkh

+v� 4,
wk

ghulydwlyh lv qhfhvvdulo| frqwlqxrxv dqg wkh ixqfwlrq lwvhoi dqg lwv �uvw +v � 5,

ghulydwlyhv duh frqwlqxrxv dqg gl�huhqwldeoh hyhu|zkhuh1 Dgplwwlqj ixqfwlrqv ri zklfk

wkh +v� 4,0wk ghulydwlyh lv slhfhzlvh gl�huhqwldeoh doorzv xv wr lqfoxgh lqwr �
v

D
wkh IJW

fodvv ri phdvxuhv +iru � @ v,/ zklfk lv wkh prvw zlgho| xvhg fodvv ri sryhuw| lqglfhv lq wkh
olwhudwxuh1 Qrwh dovr wkdw wkh frqwlqxlw| frqglwlrq zh lpsrvh lv pruh uhvwulfwlyh wkdq wkdw
lq ]khqj +4<<<,/ zklfk rqo| srvwxodwhv frqwlqxlw| rq wkh lqwhuydo ^3> }, = Wklv gl�huhqfh

ehwzhhq klv dqg rxu dvvxpswlrqv kdv lpsolfdwlrqv iru wkh dqdo|vlv ghyhorshg lq wklv sdshu1

Vshfl�fdoo|/ zh duh deoh wr frqvlghu grplqdqfh fulwhuld iru rughuv juhdwhu wkdq wzr/ hyhq

zkhq wkhuh lv vljql�fdqw xqfhuwdlqw| rq wkh ydoxh ri wkh orzhu erxqgv iru wkh udqjhv ri

srvvleoh sryhuw| olqhv1 Zh vkdoo uhwxuq wr wklv odwhu lq wkh sdshu1
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Wr frpsduh uhodwlyh sryhuw|/ wkh dqdo|vw pxvw �uvw vhohfw d ixqfwlrq/

1 E8 � c wkdw vhwv wkh sryhuw| olqh dv d ixqfwlrq ri wkh lqfrph glvwulexwlrq

8� Lq wklv sdshu zh �{ wklv wkuhvkrog dv d sursruwlrq ri wkh phdq ri wkh

glvwulexwlrq51 Wkxv/ zh kdyh=

1 E8 � ' b>
8
c +9,

zkhuh >
8
lv wkh phdq ri wkh glvwulexwlrq 8 dqg b 5 dfc4�� Zh pljkw dw �uvw

suhvxph wkdw wkh dqdo|vw lv rqo| lqwhuhvwhg lq b 5 dfc @*>
8

oc exw frqvlghulqj
wkh udqjh ri doo srvlwlyh uhdov zloo suryh xvhixo iru wkh vxevhtxhqw dqdo|vlv1

Lq rughu wr djjuhjdwh wkh ydulrxv lqfrphv* frqwulexwlrq wr uhodwlyh sryhuw|/

zh frqvlghu djdlq dgglwlyh lqglfhv/ gh�qhg dv=

�
-

8
Eb� '

]
@

f

R- E+c b>
8
� _8 E+� c +:,

zkhuh
R- E+cb>

8
� � fc li + � b>

8
c

R- E+c b>8 � ' fc li + : b>
8
c

,
+;,

dqg zkhuh

R- E+c b>
8
� lv krprjhqhrxv ri ghjuhh }hur lq + dqg >

8
� +<,

Wkh ixqfwlrq R- E+cb>
8
� phdvxuhv wkh frqwulexwlrq dq lqglylgxdo zlwk lq0

frph + pdnhv wr wrwdo sryhuw| zkhq wkh lqfrph glvwulexwlrq ixqfwlrq lv 8�

Zh xvh wkh fodvvhv ri uhodwlyh sryhuw| lqglfhv �r

-
c r ' �c 2c � � �/ gh�qhg dv=

�
r

-
G'

+
�
-mR- E+c b>

8
� 5 e�

r

dqg E����
Y�R- E+c b>

8
�

Y+�
� f ;� ' �c 2c � � � c r

,
�

+43,
Wxuqlqj qrz wr vrfldo zhoiduh/ zh frqvlghu xwlolwduldq vrfldo zhoiduh ixqf0

wlrqv Lc vxfk wkdw=

L8 '

]
@

f

� E+� _8 E+� � +44,

Zh irfxv rq vrfldo zhoiduh lqglfhv wkdw ehorqj wr wkh fodvvhv lr
c r ' �c 2c � � �/

gh�qhg dv=

l
r

'

+
L m� E+� 5 	�r

dqg E����
_�� E+�

_+�
� f ;� ' �c2c � � � c r

,
� +45,

5Wklv lv riwhq grqh lq wkh hpslulfdo olwhudwxuh1 Iru h{dpsoh/ wkh HXURPRG vlpxodwlrq

sdfndjh xvhv wklv gh�qlwlrq iru wkh sryhuw| olqh iru sryhuw| frpsdulvrqv dfurvv frxqwulhv

ri wkh Hxurshdq Xqlrq +fi1 Lpphuyroo hw do1 +4<<<,,1
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Dv Eodfnrue| dqg Grqdogvrq +4<:;, ghprqvwudwh/ hdfk ri wkhvh vrfldo zhoiduh

ixqfwlrqv fdq eh dvvrfldwhg zlwk d wudglwlrqdo Dwnlqvrq0Nrop0Vhq lqgh{ ri

lqhtxdolw| ri wkh irup=

U
L

8
' ��

+ec8

>
8

c +46,

zkhuh wkh htxdoo|0glvwulexwhg0htxlydohqw lqfrph +e lv lpsolflwo| gh�qhg dv=

� E+
ec8 � ' L8 '

]
@

f

� E+� _8 E+� � +47,

Wkhvh lqglfhv duh uhodwlyh lqhtxdolw| lqglfhv6 li dqg rqo| li wkh ixqfwlrq � E+�
lv lvrhodvwlf1 Jlyhq wkh vxevhw ri lr iru zklfk � E+� lv lvrhodvwlf/ lw lv srvvleoh
wr gh�qh fruuhvsrqglqj fodvvhv ri uhodwlyh lqhtxdolw| lqglfhv C

r

� Zh kdyh=

C
r

G'

q
U
L m L 5 lr

dqg � lv lvrhodvwlf

r
� +48,

Dw wklv srlqw lw lv xvhixo wr vxsso| d qrupdwlyh lqwhusuhwdwlrq ri wkh
gl�huhqw fodvvhv ri lqglfhv1 Iru wkh lqglfhv ri devroxwh sryhuw| dqg zhoiduh/
zkhq r ' � wkh lqglfhv pxvw eh vxfk wkdw sryhuw| zhdno| ghfuhdvhv zkloh

zhoiduh zhdno| lqfuhdvhv zkhq dq lqglylgxdo*v lqfrph lqfuhdvhv1 Wkhvh lqglfhv

duh wkxv ri wkh Sduhwr w|sh lq dgglwlrq wr ehlqj v|pphwulf lq lqfrph +wkh|

reh| wkh dqrq|plw| d{lrp,1 Iru lqglfhv ri uhodwlyh sryhuw| dqg lqhtxdolw|/

wkh vdph surshuwlhv dsso| iru r ' � li zh krog phdq lqfrph duwl�fldoo|

h{rjhqhrxv wr wkdw fkdqjh1 Qrwh wkdw �uvw0rughu fodvvhv ri lqhtxdolw| lqglfhv

duh jhqhudoo| qrw frqvlghuhg lq wkh olwhudwxuh/ vlqfh xquhvwulfwhg grplqdqfh

udqnlqjv ri glvwulexwlrqv ryhu vxfk fodvvhv duh qrw srvvleoh +wkh grplqdqfh

fxuyhv qhfhvvdulo| furvv/ dv zh looxvwudwh ehorz rq sdjh 44 lq Vhfwlrq 6,1

Lw lv/ krzhyhu/ srvvleoh wr rewdlq uhvwulfwhg �uvw0rughu lqhtxdolw| grplqdqfh

udqnlqjv ri wzr glvwulexwlrqv/ dv zh glvfxvv ehorz lq Vhfwlrq 81

Zkhq r ' 2 wkhvh lqglfhv pxvw uhvshfw wkh Sljrx0Gdowrq sulqflsoh ri

wudqvihuv1 Wklv sulqflsoh srvwxodwhv wkdw d phdq0suhvhuylqj wudqvihu ri lqfrph

iurp d kljkhu0lqfrph shuvrq wr d orzhu0lqfrph shuvrq frqvwlwxwhv d vrfldo

lpsuryhphqw1 Wkh Sljrx0Gdowrq fulwhulrq kdv ehhq iudphg dowhuqdwlyho| dv d

vwurqj dqg dv d zhdn d{lrp iru wkh vwxg| ri sryhuw| lqglfhv +vhh Grqdogvrq

dqg Zh|pdun +4<;9, dqg ]khqj +4<<<,,1 Lq wkh zhdn yhuvlrq/ wkh d{lrp vd|v

wkdw wkh sryhuw| lqgh{ pxvw lqfuhdvh iroorzlqj d wudqvihu iurp rqh lqglylgxdo

wr dqrwkhu/ zhdowklhu/ lqglylgxdo/ surylglqj wkdw erwk duh lqlwldoo| ehorz wkh

6Dq lqhtxdolw| lqgh{ lv uhodwlyh li LI @ LJ zkhqhyhu I +|, @ J +�|, iru doo | dqg iru

dq| jlyhq � A 3=
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sryhuw| olqh dqg wkh wudqvihu grhv qrw oliw wkh zhdowklhu shuvrq deryh wklv

wkuhvkrog1 Wkh vwurqj d{lrp srvwxodwhv wkdw wkh lqgh{ pxvw lqfuhdvh hyhq li

wklv wudqvihu sxvkhv wkh kljkhu0lqfrph uhflslhqw deryh wkh sryhuw| olqh1 Rxu

dvvxpswlrq ri frqwlqxlw| ri wkh sryhuw| lqglfhv lq wkh qhljkerxukrrg ri wkh

sryhuw| olqh qhfhvvdulo| lpsolhv wkh vwurqj yhuvlrq ri wkh d{lrp1

Zkhq r ' � wkh lqglfhv pxvw dovr eh vhqvlwlyh wr idyrxudeoh frpsrvlwh

wudqvihuv1 Wkhvh wudqvihuv duh vxfk wkdw d ehqh�fldo Sljrx0Gdowrq wudqvihu

zlwklq wkh orzhu sduw ri wkh glvwulexwlrq/ dffrpsdqlhg e| d uhyhuvh Sljrx0

Gdowrq wudqvihu zlwklq wkh xsshu sduw ri wkh glvwulexwlrq/ zloo dgg wr zhoiduh

dqg ghfuhdvh sryhuw| dqg lqhtxdolw|/ surylghg wkdw wkh yduldqfh ri wkh glvwul0

exwlrq lv qrw lqfuhdvhg1 Nrop +4<:9, zdv wkh �uvw wr lqwurgxfh wklv frqglwlrq

lqwr wkh lqhtxdolw| olwhudwxuh/ dqg Ndnzdql +4<;3, vxevhtxhqwo| dgdswhg lw

wr sryhuw| phdvxuhphqw +vhh dovr Vkruurfnv dqg Irvwhu +4<;:, iru d frp0

sohwh fdudfwhul}dwlrq ri wklv wudqvihu sulqflsoh,1 Dv zlwk wkh Sljrx0Gdowrq

sulqflsoh ri wudqvihuv/ lw fdq dovr eh irupxodwhg dv d vwurqj ru dv d zhdn d{0

lrp7
1 Rxu frqwlqxlw| dvvxpswlrq/

	��
c qhfhvvdulo| lpsolhv wkh vwurqj yhuvlrq

ri wkh d{lrp1 Lw vkrxog eh qrwhg/ krzhyhu/ wkdw ]khqj +4<<<,/ zkloh djuhhlqj

wkdw dq dvvxpswlrq ri frqwlqxlw| ri sryhuw| lqglfhv dw wkh sryhuw| olqh lv

uhdvrqdeoh/ dujxhv wkdw wkh frqwlqxlw| ri wkhlu vxffhvvlyh ghulydwlyhv lv pruh

gl!fxow wr mxvwli| iurp d qrupdwlyh shuvshfwlyh1 Krzhyhu/ dv ]khqj +4<<<,

dovr srlqwv rxw/ li zh gr qrw pdnh wklv dvvxpswlrq/ lqfuhdvhv lq wkh ruglqdo

udqnlqj srzhu duh vljql�fdqwo| glplqlvkhg dv zh pryh wr grplqdqfh rughuv

juhdwhu wkdq wzr1 Lq frqwudvw wr ]khqj +4<<<,/ dqg lq olqh zlwk Udydoolrq

+4<<7,/ zh wkxv suhihu khuh wr lghqwli| fodvvhv ri lqglfhv iru zklfk wkh ruglqdo

udqnlqj srzhu lqfuhdvhv zlwk lqfuhdvhv lq rughuv ri grplqdqfh/ dqg qrw/ dv lq

]khqj +4<<<,/ wr kljkoljkw wkh frqvhtxhqfhv ri qrw pdnlqj vx!flhqwo| vwurqj

dvvxpswlrqv rq wkh frqwlqxlw| ri vxffhvvlyh ghulydwlyhv1

Iru wkh lqwhusuhwdwlrq ri kljkhu rughuv ri grplqdqfh/ zh fdq xvh wkh

jhqhudolvhg wudqvihu sulqflsohv ri Ilvkexuq dqg Zloolj +4<;7,1 Iru r ' ec

iru lqvwdqfh/ frqvlghu d frpelqdwlrq ri frpsrvlwh wudqvihuv/ wkh �uvw rqh

ehlqj idyrxudeoh dqg rffxulqj zlwklq wkh orzhu sduw ri wkh glvwulexwlrq/ dqg

wkh vhfrqg rqh ehlqj xqidyrxudeoh dqg rffxulqj zlwklq wkh kljkhu sduw ri wkh

glvwulexwlrq1 Ehfdxvh wkh idyrxudeoh frpsrvlwh wudqvihu rffxuv orzhu grzq lq

wkh lqfrph glvwulexwlrq/ lqglfhv wkdw duh phpehuv ri wkh r ' e fodvvhv vkrxog

uhvsrqg idyrxudeo| wr wklv frpelqdwlrq ri frpsrvlwh wudqvihuv1 Jhqhudolvhg

7Wkhuh duh/ lq idfw/ wkuhh gl�huhqw irupxodwlrqv ri wkh frpsrvlwh wudqvihu1 Wkh lqwhu0

hvwhg uhdghu pd| uhihu wr ]khqj +4<<:, iru dq lqirupdwlyh glvfxvvlrq ri wklv1

:



kljkhu0rughu wudqvihu sulqflsohv hvvhqwldoo| srvwxodwh wkdw/ dv r lqfuhdvhv/ wkh

zhljkw dvvljqhg wr wkh h�hfw ri wudqvihuv rffxuulqj dw wkh erwwrp ri wkh

glvwulexwlrq dovr lqfuhdvhv1 Eodfnrue| dqg Grqdogvrq +4<:;, ghvfuleh wkhvh

lqglfhv dv ehfrplqj pruh Udzovldq1 Dv vkrzq lq Gdylgvrq dqg Gxforv +5333,

iru sryhuw| lqglfhv/ zkhq r $ 4 rqo| wkh orzhvw lqfrph frxqwv/ wkrxjk dv

zh zloo vhh odwhu lq Vhfwlrq 7 wklv uhvxow grhv qrw jhqhudolvh wr lqglfhv ri

zhoiduh dqg lqhtxdolw|1

6 Fulwhuld iru Vwrfkdvwlf Grplqdqfh

Wklv vhfwlrq suhvhqwv d vhulhv ri fulwhuld iru vwrfkdvwlf grplqdqfh lq frp0

sdulvrqv ri devroxwh sryhuw|/ uhodwlyh sryhuw|/ zhoiduh/ dqg lqhtxdolw|1 Wkhvh

fulwhuld vkdoo eh xvhg lq wkh Vhfwlrq 7 wr hvwdeolvk olqnv ehwzhhq devroxwh dqg

uhodwlyh sryhuw| frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri zhoiduh

dqg lqhtxdolw|/ rq wkh rwkhu1

Frqvlghu wzr lqfrph glvwulexwlrq ixqfwlrqv/ 8 dqg Cc erwk gudzq iurp

wkh vhw @� Lq rughu wr vlpsoli| wkh h{srvlwlrq/ zh gh�qh (�

8
E+� ' 8 E+� dqg

(r

8
E+� '

U
+

f
(

r3�

8
E�� _� iru doo lqwhjhuv r � 2� Wkhvh fxuyhv fdq eh h{suhvvhg

dv

(
rn�

8
E5� ' Er-�3�8CA8 Erc 5� � +49,

(
r

C
E+� lv gh�qhg vlploduo|1 Frqvlghu/ �uvw/ frpsdulvrqv ri devroxwh sryhuw|1

Zkhq sryhuw| grhv qrw lqfuhdvh lq wkh sdvvdjh iurp glvwulexwlrq 8 wr glvwul0

exwlrq Cc zh kdyh wkdw=

{��
8C

E5� '
]
@

f

R� E+c 5� _C E+��
]

@

f

R� E+c 5� _8 E+� � f� +4:,

Li wkhuh lv d frqvhqvxv wkdw wkh sryhuw| olqh 5 vkrxog qrw h{fhhg vrph pd{l0
pxp/ 5nc wkhq lw lv srvvleoh wr od| rxw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru
devroxwh sryhuw| grplqdqfh dssolfdeoh wr doo rughuv ri vwrfkdvwlf grplqdqfh
+iru hdvh ri h{srvlwlrq/ wkh surriv ri doo sursrvlwlrqv dsshdu lq wkh dsshqgl{,1

Sursrvlwlrq 4 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru {��
8C

E5� � fc iru
dq| sryhuw| olqh 5 5 dfc 5no dqg dq| devroxwh sryhuw| lqgh{ �

�
5 �

r

�
c lv=

(
r

8
E+��(r

C
E+� � f ;+ � 5n� +GVSD,

Wkh suhfhglqj sursrvlwlrq lv lq idfw d jhqhudol}dwlrq ri Dwnlqvrq*v +4<;:,

uhvxowv/ zklfk fryhu wkh fdvhv ri r ' �c 21 Frqglwlrq GVSD lv qrw hqwluho|

;



qhz/ vlqfh d vlplodu yhuvlrq lv irxqg lq Irvwhu dqg Vkruurfnv +4<;;d,1 Wkhlu

dqdo|vlv/ krzhyhu/ ghdov rqo| zlwk wkh IJW fodvv ri lqglfhv/ dqg qrw/ dv zh

gr/ zlwk wkh hqwluh �r

�
fodvvhv ri lqglfhv1

Frqvlghu qrz frpsdulvrqv ri uhodwlyh sryhuw|1 Li wkhuh lv qr lqfuhdvh lq

sryhuw| vxevhtxhqw wr wkh sdvvdjh iurp glvwulexwlrq 8 wr glvwulexwlrq Cc zh

kdyh wkdw=

{�
-

8C
Eb� '

]
@

f

R- E+c b>
C
� _C E+��

]
@

f

R- E+c b>
8
� _8 E+� � f� +4;,

Frqvlghu uhodwlyh sryhuw| olqhv xs wr vrph pd{lpxp sursruwlrq ri wkh phdq/
b
n
� Wr hvwdeolvk uhodwlyh sryhuw| grplqdqfh fulwhuld/ zh �uvw gh�qh wudqviru0

pdwlrqv ri wkh glvwulexwlrq ixqfwlrqv 8 dqgC/ e8 dqg
eCc rewdlqhg e| glylglqj

hdfk lqfrph lq wkh ruljlqdo glvwulexwlrq e| wkh dyhudjh lqfrph lq wkdw glvwul0

exwlrq1 Wkh wudqviruphg lqfrphv duh wkxv e+8 ' +*>
8

iru e8 dqg e+C ' +*>
C

iru eC� Wklv |lhogv

(
rn�

e8
Eb� ' r-3�

] b>8

f

#
b>

8
� +

b>
8

$
r3�

_8 E+� ' r-3�8CA Erc b>
8
�

zkhuh 8CA Erc b>
8
� lv wkh qrupdolvhg IJW lqgh{/ gh�qhg dv

8CA8 Erc 5� '
]
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�
5 � +
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�
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_8 E+� � +4<,

Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 5 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru {�-
8C

Eb� � fc

jlyhq dq| uhodwlyh sryhuw| olqh b> gh�qhg zlwk b 5
k
fcb

n
l
dqg dq| uhodwlyh

sryhuw| lqgh{ �
-
5 �

r

-
c lv=

(

r

e8
Eb� �(r

eC

Eb� � f ;b � b
n
� +GVSU,

Wklv sursrvlwlrq lv vlplodu wr wkh qrupdolvhg vwrfkdvwlf grplqdqfh frq0

glwlrq suhvhqwhg lq Irupe|/ Vplwk dqg ]khqj +4<<< dqg 5333, iru lqhtxdolw|

grplqdqfh/ h{fhsw wkdw frqglwlrq GVSU frqvlghuv sursruwlrqv ri wkh phdq

rqo| xs wr b
n
1 Dv iru zhoiduh frpsdulvrqv/ zh fdq dvvhuw wkdw wkhuh lv qr

ghfolqh lq zhoiduh lq prylqj iurp glvwulexwlrq 8 wr glvwulexwlrq C li=

{L8C '

]
@

f

� E+� _C E+��
]

@

f

� E+� _8 E+� � f� +53,

Wklv ohdgv wr wkh qh{w sursrvlwlrq1
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Sursrvlwlrq 6 D vx!flhqw frqglwlrq iru {L8C � fc iru doo L 5 l
r
c lv=

(

r

8
E+��(r

C
E+� � f ;+ 5 dfc @o �

dqg/ li r � �c

(
�

8
E@��(

�

C
E@� � f ;� 5 i2c ���c r� �j �

+GVX,

Qrwlfh wkdw/ iru r ' � dqg 2c wkh grplqdqfh frqglwlrqv iru frpsdulvrqv ri

devroxwh sryhuw| dqg iru zhoiduh frpsdulvrqv duh lghqwlfdo li zh ohw 5n ' @� Li

zh frqvlghuhg rqo| wkrvh ixqfwlrqv � E+� iru zklfk �� E+� ' f zkhq + � @c wkhq

wklv vlplodulw| zrxog dxwrpdwlfdoo| eh h{whqghg wr doo rughuv ri vwrfkdvwlf

grplqdqfh1 Wklv zrxog uhtxluh wkdw wkh xwlolw| �eolvv� srlqw eh dfklhyhg

dw wkh pd{lpxp lqfrph @/ dqg wkdw ixuwkhu lqfuhdvhv lq lqfrphv sdvvhg @

zrxog eh vrfldoo| zruwkohvv1 Wkh uhvxowv lq wkh odvw sursrvlwlrq duh qrw qhz/

ehlqj douhdg| zhoo nqrzq lq wkh �qdqfldo hfrqrplfv olwhudwxuh1 Zklwpruh

+4<:3, lqwurgxfhg wkh frqfhsw ri wklug0rughu grplqdqfh/ dqg Wklvwoh +4<<6,

jhqhudol}hg wkh frqfhsw wr doo rughuv ri grplqdqfh +klv uhvxowv duh vlplodu wr

wkrvh ri GVX,1

Iru lqhtxdolw| frpsdulvrqv/ zh fdq hvwdeolvk wkdw wkhuh lv qr lqfuhdvh lq

lqhtxdolw| rq sdvvdjh iurp glvwulexwlrq 8 wr glvwulexwlrq C li=

{U
L

8C
' U

L

C
� U

L

8
� f� +54,

Xvlqj wkh wudqviruphg glvwulexwlrqv e8 dqg eCczh fdq gh�qh dqdorjrxv fulwhuld
iru vwrfkdvwlf grplqdqfh lq lqhtxdolw| frpsdulvrqv1

Sursrvlwlrq 7 {U8C � f iru doo U 5 Cr
c r � 2c li=

(
r

e8

E���(r

eC
E�� � f ;� 5 dfc ko c

dqg/ li r � ec

(
r

e8

Ek��(r

e8

Ek� � f ;� 5 i�c ���c r� �j c

+GVL,

zkhuh k ' 4@ 

k
@

>
8

c

@

>
C

l
�

Wklv lv djdlq vlplodu wr wkh qrupdolvhg vwrfkdvwlf grplqdqfh frqglwlrq

ri Irupe|/ Vplwk dqg ]khqj +4<<< dqg 5333,1 Frqglwlrq GVL rqo| dssolhv/

krzhyhu/ wr wkh olplwhg udqjh iru � ri dfc ko/ dqg iru r : � lw dovr lqfoxghv

whvwv dw wkh olplw k iru wkh frqglwlrqv dw suhylrxv rughuv8/ � ' �c ���c r � �1

8Wkh frqglwlrq lq Irupe| hw1 do1 +5333, grhv qrw uhtxluh d whvw dw � iru wkh orzhu

rughuv ri grplqdqfh1 Zh zloo frqvlghu vxfk whvwv lq wkh qh{w vhfwlrq1
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Qrwh dovr wkdw sursrvlwlrq GVL lv irxqg lq Dwnlqvrq +4<:3, iru r ' 2/ zklfk

lv olqnhg wr Oruhq} grplqdqfh1 Vkruurfnv dqg Irvwhu +4<;:, dqg Gdylhv dqg

Kr| +4<<7, shuirup d ghwdlohg dqdo|vlv ri wklug0rughu grplqdqfh lq wkh fdvh

ri lqwhuvhfwlqj Oruhq} fxuyhv/ zklfk lv htxlydohqw wr fkhfnlqj wkh vlpsohu GVL

frqglwlrq iru r ' �1

Qrwlfh dovr wkdw zh kdyh h{foxghg r ' � lq Sursrvlwlrq 71 Dv dooxghg

wr ehiruh/ wklv lv ehfdxvh �uvw0rughu +xquhvwulfwhg, lqhtxdolw| grplqdqfh lv

qrw srvvleoh1 Wr vhh wklv/ frqvlghu Iljxuh 4/ zkhuh (�

e8
E�� ' e8 E��1 VlqfhU

"

f
�_ e8 E�� '

U
"

f
�_ eCE�� ' � e| gh�qlwlrq ri wkh qrupdolvhg glvwulexwlrqv

e8 E�� dqg
eCE��/ wkh duhdv ehwzhhq wkh grplqdqfh fxuyhv (

�

e8
E�� dqg (�

eC
E��

dqg wkh yhuwlfdo d{lv pxvw eh htxdo wr �1 Wklv lv vkrzq rq Iljxuh 4/ zkhuh

� n � ' � n � ' �1 Lw iroorzv iurp wklv wkdw wkh lqhtxdolw| grplqdqfh

fxuyhv (�

e8
E�� dqg (�

eC
E�� pxvw furvv dw vrph srlqw �

n
+vkrzq rq Iljxuh 4,/

dqg wkdw lw wkhuhiruh fdqqrw eh wkdw rqh ri wkh fxuyhv olhv dozd|v deryh wkh

rwkhu rqh iru doo � 5 dfcko1

7 Zhoiduh/ Lqhtxdolw|/ dqg Sryhuw| Grplqdqfh

Zh qrz zlvk wr xvh wkh grplqdqfh fulwhuld GVSD/ GVSU/ GVX dqg GVL wr

hvwdeolvk htxlydohqflhv ehwzhhq frpsdulvrqv ri sryhuw| dqg frpsdulvrqv ri

zhoiduh dqg lqhtxdolw|1

D �uvw gl�huhqfh ehwzhhq sryhuw| grplqdqfh fulwhuld dqg zhoiduh dqg

lqhtxdolw| grplqdqfh fulwhuld lv wkdw wkh odwwhu duh jhqhudoo| pruh ghpdqglqj/

vlqfh zh qhhg wr whvw d vhulhv ri frqglwlrqv dw @ ru k dw rughuv ohvv wkdq r�

Wklv gl�huhqfh dulvhv iurp wkh idfw wkdw zh lpsolflwo| dvvxph wkh �uvw r� �

ghulydwlyhv ri wkh sryhuw| lqglfhv wr ydqlvk dw wkh sryhuw| olqh/ ehfdxvh ri

wkh gh�qlwlrq ri sryhuw| lqglfhv +lq sduwlfxodu/ RE+c 5� ' f zkhq + : 5, dqg

ri wkh e�r
frqwlqxlw| dvvxpswlrq1 Lw lv qdwxudo qrw wr lpsrvh dq dqdorjrxv

qxoolw| frqglwlrq iru vrfldo zhoiduh lqglfhv/ zklfk h{sodlqv wkh suhvhqfh ri

frqglwlrqv dw @ ru k dw rughuv ohvv wkdq r1

Ixuwkhupruh/ lw lv olnho| wkdw 5
n 9' @c zklfk uhqghuv wkh grpdlq ri wkh

whvwv iru sryhuw| grplqdqfh qduurzhu ru zlghu wkdq wkdw iru vrfldo zhoiduh

ru lqhtxdolw| grplqdqfh1 Krzhyhu/ li zh shuirup erwk wkh sryhuw| dqg wkh

vrfldo zhoiduh2lqhtxdolw| grplqdqfh whvwv rq wkh xquhvwulfwhg grpdlq dfc4�
udwkhu wkdq rq dfc 5

no ru dfc @o/ zh fdq hvwdeolvk fhuwdlq htxlydohqflhv ehwzhhq

frpsdulvrqv ri devroxwh sryhuw| dqg zhoiduh/ rq wkh rqh kdqg/ dqg frpsdu0

lvrqv ehwzhhq uhodwlyh sryhuw| dqg lqhtxdolw|/ rq wkh rwkhu1 Iru wklv/ zh gudz
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rq wkh zrun ri Ilvkexuq +4<;3,/ zkr hvwdeolvkhv d olqn ehwzhhq vwrfkdvwlf

grplqdqfh fulwhuld ri ydulrxv rughuv dqg wkh prphqwv ri glvwulexwlrq ixqf0

wlrqv zkhq wkhvh ixqfwlrqv duh vxfk wkdw @$4� Zh jhqhudol}h wkhvh uhvxowv

wr doo glvwulexwlrq ixqfwlrqv ehorqjlqj wr @ dqg wkhq dgdsw wkhp wr rxu

dqdo|vlv1 Xqolnh Ilvkexuq +4<;3,/ zh dovr hvwdeolvk d olqn ehwzhhq r0rughu

grplqdqfh frqglwlrqv dqg grplqdqfh dw @ ru k dw orzhu rughuv1

Wr gr wklv/ zh pxvw �uvw gh�qh d elqdu| uhodwlrqvkls:W

r
rq i(8 E%� m 8 5 @j c

zkhuh (8 E%� lv wkh vhtxhqfh (8 E%� ' d(�

8
E%� c(2

8
E%� c(�

8
E%� c ���o1

Gh�qlwlrq 4 (8 E%� :W

r
(
C

E%� li dqg rqo| li (�

8
E%� �(�

C
E%� : f iru wkh

vpdoohvw � � r vxfk wkdw (�

8
E%� 9' (

�

C
E%�1

Vhfrqg/ zh pxvw ghfrpsrvh (r

8
E%� wr hvwdeolvk d olqn ehwzhhq wkh gl�huhqw

rughuv ri grplqdqfh frqglwlrqv1

Ohppd 8 ;% 5 d@c4�/ zh kdyh (
r

8
E%� '

S
r
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E%3@�
r3�

Er3��-
(

�

8
E@�1

Xvlqj ohppd 8/ zh fdq hvwdeolvk wkh iroorzlqj olqn ehwzhhq whvwv ri r0rughu

vwrfkdvwlf grplqdqfh dqg orzhu0rughu whvwv=

Wkhruhp 9 Li 8c C 5 @/ wkhq (8 E@� :
W

r
(
C
E@� li (r

8
E%��(r

C
E%� � f ;% 5

?n1

Wklv hvwdeolvkhv d olqn ehwzhhq r0rughu grplqdqfh frqglwlrqv ryhu ?n dqg

grplqdqfh frqglwlrqv dw wkh olplw @ ri wkh glvwulexwlrq dw vrph orzhu rughu1

Qrwh iurp Ohppd 8/ krzhyhu/ wkdw zkhq (8 E@� :W

r
(C E@�/ lw pxvw eh wkdw

*�4%<"d(�

8
E%��(�

C
E%�o � f iru doo � � r1 Zh wkxv kdyh=

Fruroodu| : Jlyhq wkdw 8c C 5 @/ li 8 9' C dqg li (r

8
E+� � (

r

C
E+� �

f ;+ 5 ?n/ wkhq *�4%<" d(�

8
E%��(�

C
E%�o � f iru doo � � r�

Fruroodu| : vd|v wkdw li wkh xquhvwulfwhg grplqdqfh frqglwlrq dw rughu r

lv phw/ wkhq wkh orzhu0rughu frqglwlrqv dw % $ 4 duh dovr phw1 Khqfh/

h{whqglqj wkh grpdlq ri wkh r�rughu whvw (
r

8
E%� � (

r

C
E%� � f ryhu wkh

xquhvwulfwhg srvlwlyh uhdo grpdlq ri % dyrlgv fkhfnlqj frqglwlrqv dw rughuv

orzhu wkdq r1

Zh qrwhg dw wkh hqg ri Vhfwlrq 5 wkdw/ zkhq r $ 4c rqo| wkh orzhvw

lqfrph pdwwhuhg iru sryhuw| grplqdqfh ryhu d udqjh ri sryhuw| olqhv erxqghg

deryh e| d �qlwh pd{lpxp sryhuw| olqh1 Wklv uhvxow qr orqjhu rewdlqv/
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krzhyhu/ li wkh udqjh ri srvvleoh sryhuw| olqhv h{whqgv wr lq�qlw|1 Lqghhg/ wkh

uhvxow lq fruroodu| : lqglfdwhv wkdw/ li zh zhuh wr rewdlq xquhvwulfwhg r�rughu

grplqdqfh rq ?nc zh zrxog lpsolflwo| qhhg zhdn grplqdqfh iru doo rughuv

� orzhu wkdq r +l1h1/ (�

8
E%� � (�

C
E%� � fc � ' �c ���c r � �, dw wkh srlqw %

whqglqj wr lq�qlw|1 Doo lqfrphv zrxog pdwwhu lq ixo�oolqj wkrvh orzhu rughuv
ri grplqdqfh frqglwlrqv/ qrw rqo| wkh orzhvw rqh1

Wkh uhvxow ri Fruroodu| : ohdgv wr ixuwkhu olqnv ehwzhhq devroxwh sryhuw|
dqg zhoiduh dw hyhu| rughu ri grplqdqfh9=

Sursrvlwlrq ; {L8C � f iru doo L 5 l
r
c li=

(

r

8
E+��(r

C
E+� � f ;+ 5 dfc4�� +GVX*,

Zkhq whvwlqj iru vrfldo zhoiduh grplqdqfh/ frqglwlrq GVX* kdv wkh dgydq0

wdjh ri ehlqj d vlpsohu dqg zhdnhu frqglwlrq wkdq GVX1 E| Ohppd 8/ GVX

fohduo| lpsolhv GVX*1 GVX* grhv qrw/ krzhyhu/ qhfhvvdulo| lpso| GVX1 E|

Wkhruhp 9/ doo zh fdq vd| lv wkdw li (r

8
E%��(r

C
E%� � fc;% 5 ?n +dqg wkxv li

GVX* krogv,/ wkhq (�

8
E@��(�

C
E@� iru wkh orzhvw � vxfk wkdw (

�

8
E%� 9' (�

C
E%�/

exw qrw qhfhvvdulo| iru wkh rwkhu kljkhu ydoxhv ri � +dv uhtxluhg e| GVX,1

Wkhuhiruh/ h{whqglqj wkh whvw udqjh iru r�rughu vrfldo zhoiduh grplqdqfh lq0

fuhdvhv wkh udqnlqj srzhu ri wkh surfhgxuh= wkhuh duh glvwulexwlrqv wkdw fdq

eh rughuhg xvlqj GVX*/ exw zklfk zloo idlo wr eh rughuhg xvlqj GVX1 D uhvxow

vlplodu wr Sursrvlwlrq ; rewdlqv iru lqhtxdolw| grplqdqfh=

Sursrvlwlrq < {U8C � f iru doo U 5 Cr

/ r � 2/ li=

(
r

e8
E���(r

eC

E�� � f ;� 5 dfc4�� +GVL*,

Djdlq/ frqglwlrq GVL* lv d zhdnhu vx!flhqw frqglwlrq iru lqhtxdolw| grp0

lqdqfh wkdq frqglwlrq GVL lq Sursrvlwlrq 71 Xvlqj wkhvh uhvxowv lw lv srvvleoh

wr hvwdeolvk htxlydohqflhv ehwzhhq sryhuw| frpsdulvrqv dqg zhoiduh dqg lq0

htxdolw| frpsdulvrqv1

Sursrvlwlrq 43 Jlyhq wzr glvwulexwlrqv 8 dqg C 9' 8 / li {�
�

8C
E5� � f iru

dq| lqgh{ �� 5 �r

�
dqg dq| wkuhvkrog 5 5 dfc4� c wkhq {L8C � f iru dq|

lqgh{ L 5 l
r
1

9Ilvkexuq*v +4<;3, wkhruhp doorzv wr gudz vxfk olqnv rqo| iru wkh �uvw wkuhh rughuv ri

grplqdqfh1
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Zh vkrxog qrwh khuh wkdw Irvwhu dqg Vkruurfnv +4<;;e, rewdlq vlplodu

uhvxowv iru grplqdqfh rughuv r ' �c 2 dqg � dssolhg wr wkh IJW fodvv ri

sryhuw| lqglfhv1 Xvlqj Ilvkexuq*v wkhruhp +4<;3,/ Irvwhu dqg Vkruurfnv*

+4<;;e, uhvxowv fdq hdvlo| eh jhqhudol}hg wr sryhuw| lqglfhv ri wkh fodvvhv

�
�

�
/ �

2

�
dqg �

�

�
� Wkh dgglwlrqdo frqwulexwlrq ri Wkhruhp 9 dqg Fruroodu| :

lv wr jhqhudol}h vxfk uhvxowv wr dq| rughu ri vwrfkdvwlf grplqdqfh1

D vlplodu uhvxow krogv iru uhodwlyh sryhuw| dqg lqhtxdolw| frpsdulvrqv1

Sursrvlwlrq 44 Jlyhq wzr glvwulexwlrqv 8 dqg C 9' 8 / li {�-
8C

Eb� � f
iru dq| lqgh{ �� 5 �

r

-
dqg iru dq| uhodwlyh sryhuw| wkuhvkrog b 5 dfc4� c

wkhq {U8C � f iru dq| lqgh{ U 5 C
r
�

Djdlq/ qrwh wkdw Irvwhu dqg Vkruurfnv +4<;;f, ghyhors d vlplodu uhvxow
iru IJW lqglfhv dqg iru r ' 2 dqg �� Wkhruhp 9 dqg fruroodu| : doorz
xv wr h{sdqg wkh htxlydohqfh ehwzhhq frpsdulvrqv ri uhodwlyh sryhuw| dqg
frpsdulvrqv ri lqhtxdolw| wr doo rughuv ri vwrfkdvwlf grplqdqfh dqg wr wkh
odujhu fodvvhv �r

-
ri uhodwlyh sryhuw| lqglfhv1

Wkh odvw wzr sursrvlwlrqv hvwdeolvk d fohdu olqn ehwzhhq devroxwh sryhuw|

dqg zhoiduh frpsdulvrqv/ rq wkh rqh kdqg/ dqg frpsdulvrqv ri uhodwlyh

sryhuw| dqg lqhtxdolw|/ rq wkh rwkhu1 Zkhq qr pd{lpxp sryhuw| olqh lv

vshfl�hg/ urexvw sryhuw| frpsdulvrqv iru wkh �
r

�
fodvvhv ri lqglfhv duh lq idfw

urexvw zhoiduh frpsdulvrqv iru wkh l
r
fodvvhv ri lqglfhv1 Pruhryhu/ urexvw

uhodwlyh sryhuw| frpsdulvrqv iru wkh �
r

-
fodvvhv ri lqglfhv ryhu dq xquhvwulfwhg

udqjh ri sryhuw| olqhv duh lq idfw urexvw frpsdulvrqv ri lqhtxdolw| iru wkh C
r

fodvvhv ri lqglfhv1 Lq wklv iudphzrun/ lw ehfrphv srvvleoh wr wuhdw d udqnlqj

ri devroxwh sryhuw| lqglfhv dv d udqnlqj ri zhoiduh lqglfhv/ dqg d udqnlqj ri

uhodwlyh sryhuw| lqglfhv dv d udqnlqj ri lqhtxdolw| lqglfhv zkhq wkh sryhuw|

olqhv fdq h{whqg wr lq�qlw|1

8 Fhqvruhg Zhoiduh dqg Lqhtxdolw| Frpsdu0

lvrqv

Sryhuw| frpsdulvrqv w|slfdoo| irfxv/ ri frxuvh/ rqo| rq d erwwrp vhjphqw ri

wkh lqfrph glvwulexwlrq1 Li zh vshfli| d �qlwh fhlolqj rq dgplvvleoh sryhuw|

olqhv/ lv wkhuh vwloo d olqn ehwzhhq sryhuw| frpsdulvrqv dqg zhoiduh dqg lq0

htxdolw| frpsdulvrqvB
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Lq wkh pdqqhu ri Irvwhu dqg Vkruurfnv +4<;;e,/ ohw xv hvwdeolvk �uvw d olqn

ehwzhhq devroxwh sryhuw| frpsdulvrqv dqg fhqvruhg zhoiduh frpsdulvrqv1

Dvvxph d fhuwdlq lqfrph fhlolqj/ +nc dw zklfk dq dqdo|vw zlvkhv wr fhqvru

wkh glvwulexwlrq ri lqfrphv +wkh dqdo|vw lv qrw lqwhuhvwhg lq wkh sruwlrqv ri

wkh lqfrphv wkdw h{fhhg wklv fhlolqj,1 Ghqrwh e| 8
W wklv fhqvruhg lqfrph

glvwulexwlrq/ vxfk wkdw=

+
W

' +c + � +
n
c

+
W

' +
n
c + : +

n
�

+55,

C
W lv gh�qhg vlploduo|1 Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq/ zklfk olqnv

devroxwh sryhuw| grplqdqfh wr zhoiduh grplqdqfh ri fhqvruhg lqfrph glvwul0

exwlrqv1

Sursrvlwlrq 45 Li {��
8C

E5� � f iru dq| lqgh{ �� 5 �r

�
/ r ' � ru 2/ dqg

jlyhq dq| wkuhvkrog 5 5 dfc +
no/ wkhq {L8 WCW � f iru wkh fhqvruhg lqfrph

glvwulexwlrqv 8 W dqg CW dqg iru dq| lqgh{ L 5 l
r
/ r ' � ru 21

Qrwh khuh wkdw wkh suhfhglqj sursrvlwlrq grhv qrw dsso| wr grplqdqfh ri

rughuv r � �� Jlyhq wkdw wkh pd{lpxp sryhuw| olqh lv +
n

c wkh vxe0grpdlq ri

wkh glvwulexwlrq ixqfwlrq rq zklfk zh duh whvwlqj iru grplqdqfh lv qr orqjhu

?n� Lq wklv iudphzrun/ Wkhruhp 9 dqg Fruroodu| : qr orqjhu rewdlq1 Xvlqj

d iudphzrun zklfk gl�huv iurp rxuv/ Irvwhu dqg Vkruurfnv +4<;;e, suryhv

d vlplodu uhvxow/ exw rqo| iru sryhuw| lqglfhv ri wkh IJW fodvv1 Sursrvlwlrq

45 jhqhudol}hv wklv uhvxow wr doo lqglfhv lq wkh fodvvhv ��

�
dqg �

2

�
1 Irvwhu

dqg Vkruurfnv +4<;;e, dovr vkrz dq htxlydohqfh iru r ' �� Krzhyhu/ iru

wkdw htxlydohqfh wkh| uhtxluh whvwlqj iru {(2

8 WCW E+n� � f� Uhihuulqj edfn wr

Sursrvlwlrq 6/ lw lv fohdu wkdw dgglqj vxfk orzhu0rughu whvwv dw wkh erxqgdu|

E+n� doorzv h{whqglqj wkh htxlydohqflhv ri Sursrvlwlrq 45 wr doo rughuv ri

grplqdqfh1 Zh fdq wkxv frqfoxgh wkdw/ xqghu fhuwdlq frqglwlrqv/ d phdvxuh

ri devroxwh sryhuw| pd| eh wuhdwhg dv d phdvxuh ri zhoiduh iru d fhqvruhg

glvwulexwlrq ri lqfrph1

Ohw xv qrz lqwurgxfh d olqn ehwzhhq frpsdulvrqv ri uhodwlyh sryhuw| dqg

frpsdulvrqv ri fhqvruhg lqhtxdolw|1 Frqvlghu wkh fodvvhv CWr
� C

r
ri lq0

htxdolw| lqglfhv/ U
L E�n�/ gh�qhg e| +46, dqg +47, zlwk dq lvrhodvwlf ixqfwlrq

�E+� ' } E+(>� vxfk wkdw=

} E+(>� '

+
+c li + � �

n
>c

�
n
>c li + : �

n
>�

+56,
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Iru d jlyhq phdq lqfrph/ wkh yduldeoh �n uhsuhvhqwv wkh sursruwlrq ri phdq

lqfrph xs wr zklfk zh frqvlghu lqfrphv wr eh uhohydqw lq frpsdulqj lq0

htxdolw|1 Dq lqgh{ UE�n� ri wkh fodvv CWr lv wkxv qrw vhqvlwlyh wr rffxuuhqfhv

d�hfwlqj lqfrphv deryh �
n
>/ vr orqj dv phdq lqfrph lv xqd�hfwhg1 Wklv

h�hfwlyho| fruuhvsrqgv wr Sljrx0Gdowrq dqg jhqhudolvhg wudqvihu sulqflsohv

zkrvh dssolfdwlrq lv olplwhg wr wkh erwwrp sduw ri wkh glvwulexwlrq1 Dv zlwk

wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv/ wklv qhz olplwhg wudqvihu sulqflsoh

vwlsxodwhv iru r ' 2 wkdw lqhtxdolw| pxvw lqfuhdvh li d phdq0suhvhuylqj wudqv0

ihu rffxuv iurp dq lqglylgxdo zkrvh lqfrph olhv ehorz �
n
> wr vrphrqh zlwk

d kljkhu lqfrph1 Li vxfk d wudqvihu rffxuv dprqj shuvrqv zkrvh lqfrphv duh

+dqg uhpdlq, juhdwhu wkdq �
n
>/ wkh lqgh{ uhpdlqv xqfkdqjhg1 Vlqfh wkh qhz

lqglfhv gr qrw uhvshfw vwulfwo| wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv/ zh fdq

wuhdw wkhp dv lqglfhv ri fhqvruhg lqhtxdolw| +lq dqdorj| wr devroxwh sryhuw|

lqglfhv/ zklfk dv vkrzq deryh fdq eh wkrxjkw ri dv lqglfhv ri fhqvruhg vrfldo

zhoiduh,1 Wkh fodvv ri lqhtxdolw| lqglfhv CWr
c r ' �c 2c � � � c lv wkxv gh�qhg dv=

C
Wr

G'

q
U
L E�n� m L 5 lr

/ � E+� ' � d} E+(>�o / dqg � lv lvrhodvwlf

r
� +57,

Qrwh wkdw/ xqolnh iru wkh fodvv C�
c wkhuh zloo h{lvw d phdqlqjixo srvvlelolw| ri

udqnlqj glvwulexwlrqv xqdpeljxrxvo| ryhu wkh fodvv CW�
� Zh pd| qrz vwdwh

vwrfkdvwlf grplqdqfh fulwhuld iru wkhvh qhz fodvvhv ri fhqvruhg lqhtxdolw|

lqglfhv/ CWr
�

Sursrvlwlrq 46 {U8C E�
n� � f iru doo UE�n� 5 CWr

/ li=

(
r

e8
E���(r

eC

E�� � f ;� 5 dfc �no c

dqg/ li r � �c

(
�

e8
E�n��(�

eC
E�n� � f ;� 5 i2c �c ���c r� �j �

+GVL-,

Iru r ' �c2/ wklv ohdgv vwudljkwiruzdugo| wr wkh iroorzlqj olqn ehwzhhq

wkh phdvxuhphqw ri uhodwlyh sryhuw| dqg fhqvruhg lqhtxdolw|=

Sursrvlwlrq 47 Li {�-
8C

Eb� � fc iru dq| lqgh{ �- 5 �r

-
/ r ' � ru 2/ dqg

iru dq| wkuhvkrog b 5 dfc �
no c wkhq {U8C E�

n� � f iru dq| lqgh{ UE�n� 5 CWr
1

Wklv uhvxow lpsolhv wkdw zh fdq dozd|v wuhdw d udqnlqj ri uhodwlyh sryhuw|

dw rughu r ' �c 2 dv d udqnlqj ri fhqvruhg lqhtxdolw|/ wkdw lv/ lqhtxdolw| mxgjh0

phqwv wkdw irfxv rqo| rq wkh orzhu sruwlrqv ri lqfrphv1 Iru kljkhu rughuv/

�
r

-
uhjurxsv lqglfhv wkdw h�hfwlyho| dovr dfw dv lqglfhv ri fhqvruhg lqhtxdolw|1
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Wkhvh lqglfhv fdqqrw/ krzhyhu/ eh ghulyhg iurp dq dgglwlyh vrfldo zhoiduh iru0

pxodwlrq iru zklfk wkh lqglylgxdo xwlolw| ixqfwlrqv duh lvrhodvwlf +dv lq +57,,

dqg iurp wkh wudglwlrqdo htxdoo|0glvwulexwhg0htxlydohqw lqfrph surfhgxuh ri

htxdwlrq +46,1 �
r

-
grplqdqfh udqnlqjv iru r � � fdqqrw wkhuhiruh eh olqnhg

wr fhqvruhg lqhtxdolw| udqnlqjv/ dv grqh lq Sursrvlwlrq 47 deryh iru r ' �c 21

Exw wkh lqglfhv lq �
r

-
duh krprjhqhrxv ri ghjuhh 3 lq lqfrphv/ dqg wkh|

gr reh| zhdno| wkh uhtxluhg r�rughu jhqhudolvhg wudqvihu sulqflsohv1 Vlqfh

wkh| uhvwulfw dwwhqwlrq wr lqfrphv wkdw ehorqj wr

k
fcb

n
>

l
/ wkh| fdq dovr eh

wkrxjkw ri dv fhqvruhg lqhtxdolw| lqglfhv1 Jlyhq wkdw uhodwlyh sryhuw| lqglfhv

irfxv rqo| rq wkh erwwrp sduw ri wkh glvwulexwlrq/ lw lv hdvlhu wr rewdlq d

urexvw uhodwlyh sryhuw| udqnlqj ehwzhhq gl�huhqw glvwulexwlrqv wkdq d urexvw

xquhvwulfwhg lqhtxdolw| udqnlqj1

9 Uhodwlyh Sryhuw| dqg Uhvwulfwhg Lqhtxdolw|

Grplqdqfh

Fhqvruhg ru uhvwulfwhg lqhtxdolw| frpsdulvrqv kdyh lq idfw ehhq iuhtxhqwo|

shuiruphg iru d orqj wlph lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri

lqfrph1 Wkh qrupdwlyh irxqgdwlrqv ri wkhvh frpsdulvrqv gr qrw dsshdu wr

eh zhoo xqghuvwrrg/ krzhyhu/ dqg dv zh qrz glvfxvv/ wkh frpsdulvrqv duh

riwhq grqh lq d pdqqhu zklfk lv lqfrqvlvwhqw zlwk wkh vwrfkdvwlf grplqdqfh

fulwhuld ghulyhg deryh1

Wkh �uvw zd| lq zklfk uhvwulfwhg lqhtxdolw| frpsdulvrqv duh h�hfwlyho|

irxqg lq wkh olwhudwxuh lv wkurxjk uhodwlyh sryhuw| frpsdulvrqv1 Wkh frp0

prqhvw h{dpsoh ri wklv lv zlwk frpsdulvrqv ri wkh sursruwlrqv ri lqglylgxdov

irxqg xqghuqhdwk ydulrxv sursruwlrqv ri wkh phdq dv d uhodwlyh sryhuw| olqh1

Wklv lv jlyhq e| (
�

e8
E�� iru glvwulexwlrq 8 / dqg lv wkhuhiruh dq lqvwdqfh ri d

whvw iru �uvw0rughu uhvwulfwhg lqhtxdolw| grplqdqfh1 Iru frpsdulvrqv dw kljkhu

rughuv ri vwrfkdvwlf grplqdqfh/ wkh fulwhuld vlpso| lqyroyh wkh frpprq xvh
ri wkh qrupdolvhg IJW lqglfhv frpelqhg zlwk sursruwlrqv ri wkh phdq dv

uhodwlyh sryhuw| olqhv1 Qrwh/ krzhyhu/ wkdw iru uhodwlyh sryhuw| frpsdulvrqv
wr kdyh d phdqlqjixo lqwhusuhwdwlrq lq whupv ri uhvwulfwhg lqhtxdolw| frpsdu0

lvrqv/ wkh uhodwlyh sryhuw| olqh pxvw eh vhw dv d sursruwlrq ri wkh phdq/ qrw

dv d sursruwlrq ri wkh phgldq ru ri dqrwkhu txdqwloh/ dv lv vrphwlphv grqh1
Wkh vhfrqg zd| lq zklfk uhvwulfwhg lqhtxdolw| frpsdulvrqv lpsolflwo| dulvh

lq wkh hpslulfdo olwhudwxuh lv wkurxjk wkh xvh ri wkh gxdo +ru �R0dssurdfk�,
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wr vwrfkdvwlf grplqdqfh +iru pruh rq wklv/ vhh iru lqvwdqfh Gdylgvrq dqg

Gxforv +5333,,1 Iru �uvw0rughu uhvwulfwhg lqhtxdolw| grplqdqfh/ wklv lqyroyhv

wkh xvh ri udwlrv ri txdqwlohv ryhu wkh phdq +qrupdolvhg txdqwlohv,/ udwlrv

ri txdqwlohv +h1j1/ wkh 58|�0shufhqwloh ryhu wkh phgldq/ ru wkh udwlr ri wkh

:8|�0shufhqwloh ryhu wkh 58|�shufhqwloh,/ ru gl�huhqfhv ehwzhhq qrupdolvhg

txdqwlohv +�qrupdolvhg lqwhutxdqwloh glvwdqfhv�,1

Wr vhh krz vxfk frpsdulvrqv uhodwh wr wkh �uvw0rughu lqhtxdolw| grplqdqfh

fulwhuld ghulyhg deryh/ frqvlghu Iljxuh 51 Rq wkh krul}rqwdo d{lv/ zh �qg wkh

sursruwlrq � ri wkh phdq xvhg dv d uhodwlyh sryhuw| olqh wr frpsduh uhodwlyh

sryhuw| lq glvwulexwlrqv 8 dqgC1 Rq wkh yhuwlfdo d{lv/ zh �qg wkh sursruwlrq

ri lqglylgxdov ehorz wkrvh uhodwlyh sryhuw| olqhv lq 8 dqg lq C1 Ohw '8 ER� eh
wkh lqyhuvh ri wkh glvwulexwlrq ixqfwlrq 8 / vxfk wkdw '8 ER� ' 8

3�ER�1 '8 ER�
lv wkxv wkh R�txdqwloh ri glvwulexwlrq 8 1 Ohw 'CER� eh gh�qhg dqdorjrxvo|/

dqg ghqrwh e| KER� ' 'ER�*> wkh qrupdolvhg txdqwlohv1 E| gh�qlwlrq/ zh

wkxv kdyh wkdw 8 EK8 ER�>8 � ' 8 E'8 ER�� ' R1 Iru �uvw0rughu uhodwlyh sryhuw|

grplqdqfh ri C ryhu 8 / zh wkxv uhtxluh wkdw 8 E�>
8
� � CE�>

C
� iru d udqjh

ri �/ zklfk lq Iljxuh 5 lv rewdlqhg iru doo srvlwlyh � xqwlo �n1 Htxlydohqwo|/

wklv fdq eh whvwhg e| frpsdulqj qrupdolvhg txdqwlohv dqg e| fkhfnlqj wkdw

K8 ER� � KCER� iru d udqjh ri R/ zklfk lq Iljxuh 5 lv rewdlqhg iru doo srvlwlyh

R xqwlo Rn1 Fohduo|/ 8 E�n>
8
� ' CE�n>

C
� ' R

n
1 Khqfh/ zh kdyh uhvwulfwhg

�uvw0rughu lqhtxdolw| grplqdqfh ri C ryhu 8 xs wr �n dqg Rn1

Wkh frpsdulvrq ri qrupdolvhg txdqwlohv lq wkh hpslulfdo lqfrph glvwul0

exwlrq olwhudwxuh lv wkxv frqvlvwhqw zlwk wkh �uvw0rughu uhvwulfwhg lqhtxdolw|

grplqdqfh fulwhuld ghyhorshg deryh1 Wr ohdg wr d urexvw udqnlqj ri fhqvruhg

lqhtxdolw|/ vxfk frpsdulvrqv pxvw/ krzhyhu/ eh grqh ryhu d udqjh ri R ydoxhv/

vwduwlqj iurp }hur1

Udwlrv ri txdqwlohv dqg gl�huhqfhv ehwzhhq qrupdolvhg txdqwlohv/ duh qrw/

krzhyhu/ jhqhudoo| frqvlvwhqw zlwk lqhtxdolw| grplqdqfh udqnlqjv1 Wr vhh

wklv/ qrwh lq Iljxuh 5 wkdw dowkrxjk glvwulexwlrq 8 kdv urexvwo| pruh fhq0

vruhg lqhtxdolw| wkdqC/ wkh udwlr ri wkh phgldq ryhu wkh 58
|�
0shufhqwloh lv ohvv

lq 8 wkdq lq C= K8 Ef�2D�*K8 Ef�D� : KCEf�2D�*KCEf�D�� Wklv zurqjo| vxj0

jhvwv wkdw wkhuh lv ohvv lqhtxdolw| lq 8 wkdq lq C1 Vlploduo|/ wkh qrupdolvhg

lqwhutxdqwloh glvwdqfh KEf�D��KEf�2D� lv dovr orzhu lq 8 wkdq lq C/ vxjjhvw0

lqj djdlq zurqjo| wkdw lqhtxdolw| lv orzhu lq 8 1 Pruhryhu/ vlqfh �uvw0rughu

uhvwulfwhg lqhtxdolw| grplqdqfh +xs wr �
n
, lpsolhv kljkhu0rughu uhvwulfwhg

lqhtxdolw| grplqdqfh +dw ohdvw xs wr �
n
,/ txdqwloh udwlrv dqg qrupdolvhg

lqwhutxdqwloh glvwdqfhv duh lqfrqvlvwhqw qrw rqo| zlwk �uvw0rughu uhvwulfwhg

lqhtxdolw| grplqdqfh/ exw dovr zlwk dq| kljkhu�rughu frqfhsw ri uhvwulfwhg
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ru xquhvwulfwhg lqhtxdolw| grplqdqfh +dqg khqfh zlwk Oruhq} grplqdqfh,1

Wkhvh phdvxuhv vkrxog wkhuhiruh eh dyrlghg1

: Uhodwlyh Sryhuw| dqg Uhvwulfwhg Lqhtxdolw|

Grplqdqfh= D Jhrphwulf Dqdo|vlv

Wklv vhfwlrq ixuwkhu ghyhorsv wkh olqn ehwzhhq sryhuw| dqg lqhtxdolw| e| lo0

oxvwudwlqj judsklfdoo| krz d irfxv rq uhodwlyh sryhuw| dqg fhqvruhg lqhtxdolw|

frpsdulvrqv jlyhv xv d juhdwhu udqnlqj srzhu wkdq d frqvlghudwlrq ri xquh0

vwulfwhg lqhtxdolw| frpsdulvrqv1 Wr gr wklv/ dvvxph d vrflhw| frpsulvlqj

wkuhh lqglylgxdov dqg zkr vkduh d wrwdo lqfrph ri �>� Lq zkdw iroorzv/ zkhq

d glvwulexwlrq % lv pruh xqhtxdo wkdq d glvwulexwlrq +/ iru doo U 5 Cr
/ zh

zulwh %U
r

+�

Uhihu qrz wr Iljxuh 6 dqg dvvxph wkdw wkh lqlwldo lqfrph glvwulexwlrq lv

jlyhq e| srlqw @ lq wkh lqwhulru ri wkh vlpsoh{1 Ohw xv qrz ghwhuplqh wkrvh

glvwulexwlrqv iru zklfk wkhuh h{lvwv d urexvw udqnlqj ri lqhtxdolw| lqglfhv

ri fodvv C2
c l1h1 glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv gr qrw lqwhuvhfw

wkrvh ri glvwulexwlrq @� Zh nqrz wkdw shupxwdwlrqv ri wkh wkuhh lqglylgx0

dov* lqfrphv |lhog glvwulexwlrqv iru zklfk lqhtxdolw| lv h{dfwo| wkh vdph dv

iru glvwulexwlrq @� Li zh frqqhfw wkhvh srlqwv zlwk olqh vhjphqwv zh rewdlq

dq luuhjxodu kh{djrq1 Doo srlqwv rq wkhvh olqh vhjphqwv uhsuhvhqw lqfrph

glvwulexwlrqv zlwk ohvv lqhtxdolw| wkdq glvwulexwlrq @c h{fhsw wkrvh srlqwv

uhsuhvhqwlqj shupxwdwlrqv ri wkh lqfrphv lq @� Wkh uhdvrq iru wklv lv uhod0

wlyho| vwudljkwiruzdug= dw dq| srlqw rq d jlyhq olqh vhjphqw/ d surjuhvvlyh

wudqvihu ri lqfrph lv rffxuulqj ehwzhhq wzr lqglylgxdov zkloh wkdw ri wkh wklug

lqglylgxdo lv frqvwdqw1 Wkh vhw ri doo srlqwv lq wkh lqwhulru ri wkh kh{djrq

uhsuhvhqwv lqfrph glvwulexwlrqv zlwk ohvv lqhtxdolw| wkdq @� Lqghhg/ prylqj

lqwr wkh lqwhulru ri wkh kh{djrq/ rqh dssurdfkhv wkh srlqw E>c >c >� c zklfk
sruwud|v d shuihfwo| hjdolwduldq glvwulexwlrq ri lqfrphv1

Zh kdyh mxvw surylghg d ghvfulswlrq ri wkh vhw ri glvwulexwlrqv zkrvh

Oruhq} fxuyhv grplqdwh wkh Oruhq} fxuyh ri glvwulexwlrq @ E@U2+� � Ohw xv

qrz �qg glvwulexwlrqv zkrvh Oruhq} fxuyhv duh grplqdwhg e| wkdw ri glvwul0

exwlrq @ E+U2@� � Wkhvh glvwulexwlrqv duh uhsuhvhqwhg e| wkh uhjlrqv lq wkh

duurzkhdgv vlwxdwhg dw wkh h{wuhplwlhv ri wkh vlpsoh{1 Lq idfw/ glvwulexwlrq @

pd| eh rewdlqhg iurp dq| rqh ri wkhvh glvwulexwlrqv wkurxjk wkh vlpsoh lp0

sohphqwdwlrq ri surjuhvvlyh lqfrph wudqvihuv1 Ilqdoo|/ wkhuh duh glvwulexwlrqv
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zkrvh Oruhq} fxuyhv lqwhuvhfw wkdw ri glvwulexwlrq @ Eq� � Zh nqrz wkdw wkhvh

glvwulexwlrqv duh grplqdwhg e| glvwulexwlrqv vlwxdwhg rq wkh olqh vhjphqwv

iruplqj wkh kh{djrq1 Krzhyhu/ vlqfh wkhvh glvwulexwlrqv rq wkh vhjphqwv

grplqdwh glvwulexwlrq @c zh fdqqrw vd| dq|wklqj frqfhuqlqj frpsdulvrqv ri

lqhtxdolw| ehwzhhq glvwulexwlrqv vlwxdwhg lq wkh uhjlrqv ghvljqdwhg Eq� dqg
glvwulexwlrq @�

Wkhuh duh wzr zd|v lq zklfk zh fdq lqfuhdvh wkh vl}h ri wkh vhw ri glv0

wulexwlrqv wkdw fdq eh udqnhg zlwk @1 Wkh �uvw lv e| iroorzlqj Irvwhu dqg

Vkruurfnv +4<;;e dqg f, dqg Gdylhv dqg Kr| +4<<7, dqg e| uhvwulfwlqj wkh

dqdo|vlv wr lqglfhv ri fodvv C�
� Lqhtxdolw| lqglfhv ri fodvv C� duh wkrvh zklfk

duh vhqvlwlyh wr frpsrvlwh wudqvihuv1 D ehqh�fldo frpsrvlwh wudqvihu lv rqh

ehwzhhq irxu lqglylgxdov/ �c �c &c dqg ,c kdylqj lqfrphv +� 	 +� � +& 	 +,�

Wkh wudqvihu lv iurp � wr � dqg iurp & wr ,c vxfk wkdw wkh yduldqfh ri wkh

glvwulexwlrq grhv qrw fkdqjh1 Qrwh wkdw wkh �uvw wudqvihu lv d surjuhvvlyh

wudqvihu/ zkloh wkh vhfrqg lv qrw1 Wklv dssurdfk lqfuhdvhv wkh qxpehu ri glv0

wulexwlrqv wkdw fdq eh vxemhfw wr d urexvw udqnlqj zlwk uhvshfw wr @ wkurxjk

wkh dgglwlrq ri wkh uhjlrqv ghqrwhg En� dqg E�� lq Iljxuh 71

Wr xqghuvwdqg wklv gldjudp/ uhihu wr wkh gh�qlwlrq ri wkh yduldqfh iru d

glvwulexwlrq ri lqfrph ehwzhhq wkuhh shuvrqv=

� � j2
' E+� � >�

2
n E+2 � >�

2
n E+� � >�

2
� +58,

Wkh vhw ri srlqwv zkrvh yduldqfh lv htxdo wr wkh yduldqfh ri @ lv wkxv d vskhuh
fhqwuhg rq E>c >c >� dqg sdvvlqj wkurxjk @� Wkh lqwhuvhfwlrq ri wklv vskhuh
zlwk wkh vlpsoh{ jlyhv xv wkh flufoh looxvwudwhg lq Iljxuh 71 Wkh uhjlrqv
ghqrwhg En� ghslfw glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh
Oruhq} fxuyh ri glvwulexwlrq @ dqg duh vxfk wkdw @U�+� Wkh uhjlrqv uhsuhvhqwhg
e| E�� ghslfw glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh Oruhq}

fxuyh ri glvwulexwlrq @ dqg duh vxfk wkdw +U
�
@� Wr xqghuvwdqg wklv/ qrwlfh

wkdw doo glvwulexwlrqv rq wkh flufoh ehwzhhq srlqwv @ dqg Kc ehwzhhq srlqwv S

dqg _c dqg ehwzhhq srlqwv e dqg sc duh vxfk wkdw @U�+� Wkhvh orfl duh/ lq idfw/

rewdlqhg e| uhglvwulexwlqj vrph ri wkh lqfrph ri wkh shuvrq zlwk d phgldq

lqfrph wrzdugv wkh ulfkhvw dqg wkh srruhvw shuvrq zlwkrxw lqfuhdvlqj wkh

yduldqfh ri wkh glvwulexwlrq1 Frqyhuvho|/ wkh glvwulexwlrqv orfdwhg ehwzhhq

srlqwv @ dqg sc ehwzhhq srlqwv K dqg Sc dqg ehwzhhq srlqwv _ dqg e duh

vxfk wkdw +U�@� Wkhvh glvwulexwlrqv dulvh iurp vkliwlqj vrph lqfrph iurp wkh

zhdowklhvw shuvrq/ dqg vrph iurp wkh srruhvw shuvrq/ wrzdug wkh shuvrq lq

wkh plggoh zlwkrxw lqfuhdvlqj wkh yduldqfh1 Zh nqrz wkdw glvwulexwlrq @ fdq
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eh rewdlqhg iurp wkhvh glvwulexwlrqv wkurxjk lpsohphqwdwlrq ri d frpsrvlwh

wudqvihu1 Lqhtxdolw| lv wkxv juhdwhu lq wkhvh glvwulexwlrqv iru lqglfhv ri fodvv

C
�
�

Zh qrz zlvk wr looxvwudwh krz uhvwulfwlqj wkh dqdo|vlv wr phdvxuhv ri wkh

fodvvCW2 lqfuhdvhv wkh qxpehu ri glvwulexwlrqv wkdw fdq eh urexvwo| frpsduhg

zlwk @� Wkrxjk frqyh{/ vrfldo lqgl�huhqfh fxuyhv fruuhvsrqglqj wr lqglfhv ri

wkh fodvv CW2
duh qrw vwulfwo| frqyh{/ xqolnh vrfldo lqgl�huhqfh fxuyhv fruuh0

vsrqglqj wr lqglfhv vhqvlwlyh wr wkh hqwluh grpdlq ri lqfrph glvwulexwlrqv1

Ohw xv h{dplqh wkh fdvh ri d wrwdo lqfrph 2> ehlqj vsolw ehwzhhq wzr shuvrqv1

Iljxuh 8 looxvwudwhv d vrfldo lqgl�huhqfh fxuyh fruuhvsrqglqj wr dq lqhtxdolw|

lqgh{ vhqvlwlyh wr wkh hqwluh glvwulexwlrq1 Iljxuh 9 looxvwudwhv wkh dqdorjrxv

fxuyh iru dq lqgh{ ehorqjlqj wr CW2
� Qrwlfh wkdw/ lq wklv odwwhu fdvh/ wkh vhw

ri lqfrph glvwulexwlrqv iru zklfk hdfk lqglylgxdo kdv dq lqfrph juhdwhu wkdq

�
n
> lv htxlydohqw/ iurp d vrfldo shuvshfwlyh/ wr wkh hjdolwduldq glvwulexwlrq

lq zklfk hdfk kdv lqfrph >�

Uhwxuqlqj wr wkh fdvh ri wkuhh lqglylgxdov/ wkh  dw vhjphqw ri wkh vrfldo

lqgl�huhqfh fxuyh qrz fruuhvsrqgv wr wkh uhjlrqv vlwxdwhg lq wkh lqwhulru ri

wkh grwwhg olqhv lq Iljxuh :1 Wkhvh glvwulexwlrqv duh suhihuuhg wr @ ehfdxvh

wkh| duh htxlydohqw/ iurp d vrfldo shuvshfwlyh/ wr wkh hjdolwduldq glvwulexwlrq

xqghu vrfldo suhihuhqfhv fruuhvsrqglqj wr lqhtxdolw| lqglfhv ri fodvv CW2
� Dv

wklv wuldqjoh lqfoxghv srlqwv +uhjlrqv ghqrwhg En�, fruuhvsrqglqj wr lqfrph
glvwulexwlrqv iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkh Oruhq} fxuyh ri glvwul0
exwlrq @c wkh uhvwulfwlrq wr lqglfhv ri wkh fodvv CW2 kdv hqkdqfhg rxu delolw|

wr jhqhudwh urexvw udqnlqjv ri wkhvh glvwulexwlrqv1 Jlyhq wkdw wkhvh lqglfhv

duh vhqvlwlyh rqo| wr wkh orzhu lqfrph sruwlrqv lq wkh lqfrph glvwulexwlrq/

wkh rswlpdo srlqw/ iurp d vrfldo shuvshfwlyh/ lv qrw xqltxh1

Wkh vhw ri srlqwv orfdwhg zlwklq wkh grwwhg wuldqjoh ri Iljxuh : lv wkxv

htxlydohqw wr wkh srlqw E>c >c >� iurp vrflhw|*v srlqw ri ylhz1 Wklv wuldqjoh

fruuhvsrqgv wr wkh  dw vhfwlrq rq wkh lqgl�huhqfh fxuyh lq Iljxuh 91 Pruh0

ryhu/ uhjlrqv ghqrwhg E�� fruuhvsrqg wr lqfrph glvwulexwlrqv vxfk wkdw +U
W2
@c

iru zklfk wkh Oruhq} fxuyhv lqwhuvhfw wkdw ri glvwulexwlrq @� Jlyhq wkdw lq0

htxdolw| lqglfhv ehorqjlqj wr CW2 duh rqo| vhqvlwlyh wr fkdqjhv dw wkh erwwrp

ri wkh glvwulexwlrq/ zh rewdlq d urexvw udqnlqj hyhq li wkh Oruhq} fxuyhv lq0

whuvhfw1 Wr vhh wklv/ ehdu lq plqg wkdw doo srlqwv vlwxdwhg rq wkh olqh vhjphqw

sdvvlqj wkurxjk @ dqg sc dqg orfdwhg ehwzhhq wkh grwwhg olqhv/ duh htxlydohqw

wr srlqw @ iurp d vrfldo shuvshfwlyh1 Djdlq/ wklv lv dwwulexwdeoh wr wkh idfw

wkdw wkh vrfldo lqgl�huhqfh vxuidfhv duh qrw vwulfwo| frqyh{ iru wkh fodvv C
W2

�

Wkhvh srlqwv duh orfdwhg rq d  dw vhjphqw ri wklv vxuidfh1 Frqyhuvho|/ srlqwv
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orfdwhg rq dq| olqh vhjphqw sdudooho wr wkdw sdvvlqj wkurxjk @ dqg sc vlwxdwhg

wr wkh qruwk0zhvw ri lw/ dqg eudfnhwhg e| wkh wzr grwwhg olqhv/ frqvwlwxwh orfl

ri glvwulexwlrqv zklfk duh htxlydohqw exw hqwdlo pruh lqhtxdolw| wkdq @c vlqfh

wkh| ehorqj wr dq lqgl�huhqfh vxuidfh ehorz wkdw ri @�

Qrwh wkdw iru hyhu| glvwulexwlrq @ wkhuh h{lvwv d udqjh ri vx!flhqwo| vpdoo

�
n
vxfk wkdw wkh srzhu ri udqnlqj @ ryhu wkh fodvv C

W2 lv juhdwhu wkdq wkh

srzhu ri udqnlqj ryhu wkh fodvv C2
� Wklv uhtxluhv wkdw �n eh vpdoo hqrxjk iru

wkh glvwulexwlrq @ wr eh uhvwulfwhg wr d  dw vhjphqw ri wkh vrfldo lqgl�huhqfh

vxuidfh1 Wkh pd{lpdo ydoxh ri �
n iru zklfk wklv udqnlqj srzhu lv juhdwhu

iru CW2 wkdq iru C2 lv rewdlqhg zkhq wkh grwwhg olqhv wkdw irup d wuldqjoh lq

Iljxuh : sdvv wkurxjk @1 Wklv pd{lpdo ydoxh ri �
n
lv looxvwudwhg lq Iljxuh ;1

Iru juhdwhu ydoxhv ri �
n
wkdq wkh rqh vkrzq lq Iljxuh ;/ wkh udqnlqj srzhu

ri C
W2

iru @ lv lghqwlfdo wr wkdw ri C21

Odvwo|/ uhfdoo wkdw d urexvw uhodwlyh sryhuw| udqnlqj iru fodvv ��

-
pd| dovr

eh lqwhusuhwhg dv d urexvw lqhtxdolw| udqnlqj iru wkh fodvv C
W�

� Uhfdoo wkdw

lw lv qrw srvvleoh wr udqn glvwulexwlrqv urexvwo| dfurvv doo lqhtxdolw| lqglfhv

wkdw duh phpehuv ri C�
� Lqwxlwlyho|/ wklv lv ehfdxvh lw lv lpsrvvleoh iru hyhu|

qrupdolvhg txdqwloh wr eh juhdwhu lq rqh glvwulexwlrq wkdq lq dqrwkhu= lw

fdqqrw eh wkdw hyhu|rqh*v vkduh ri wrwdo lqfrph eh juhdwhu lq rqh glvwulexwlrq

wkdq lq dqrwkhu1 Vxfk d udqnlqj pd|/ krzhyhu/ eh srvvleoh iru fodvv CW�
� Wr

vhh wklv judsklfdoo|/ uhihu wr Iljxuh < dqg frqvlghu wkh lqfrph glvwulexwlrq

uhsuhvhqwhg e| srlqw @� Qr rwkhu glvwulexwlrq lq wkh vlpsoh{ fdq grplqdwh @

ru eh grplqdwhg e| @ iru d C� lqhtxdolw| grplqdqfh udqnlqj1 Krzhyhu/ zkdw

ri lqglfhv ehorqjlqj wr fodvvCW�q Iluvw/ zh nqrz wkdw glvwulexwlrqv zlwklq wkh

grwwhg wuldqjoh grplqdwh glvwulexwlrq @c ehfdxvh xqghu wkhvh glvwulexwlrqv qr

rqh kdv dq lqfrph ehorz �
n
>� Zh dovr nqrz wkdw glvwulexwlrqv uhsuhvhqwhg

e| srlqwv rq wkh olqh vhjphqwv KSc esc dqg �� duh htxlydohqw wr glvwulexwlrq

@ iru wkhvh lqglfhv1 Lqghhg/ srlqwv rq wkh vhjphqw KS duh jhqhudwhg iurp

glvwulexwlrq @ e| uhglvwulexwlqj lqfrph ehwzhhq lqglylgxdov zkrvh lqfrph lv

juhdwhu wkdq �
n
> ehiruh dqg diwhu wkh uhglvwulexwlrq1 Vlqfh lqglfhv ri wkh fodvv

C
W�

duh qrw vhqvlwlyh wr wkhvh wudqvihuv/ wkhvh glvwulexwlrqv duh htxlydohqw wr

@�

Srlqwv rq wkh vhjphqwv es dqg �� vlpso| uhsuhvhqw glvwulexwlrqv v|p0

phwulf wr wkrvh rq vhjphqw KS� Srlqwv orfdwhg ehwzhhq wkh vhjphqw KS dqg

wkh grwwhg wuldqjoh En� grplqdwh glvwulexwlrq @c vlqfh wkh| duh rewdlqhg e|

lqfuhdvlqj wkh lqfrph ri d shuvrq vlwxdwhg ehorz �
n
> zkloh pdlqwdlqlqj wkh

uhpdlqlqj lqfrphv deryh wkdw olqh1 Srlqwv ehwzhhq wkh vhjphqw KS dqg wkh

qruwk0hdvw erughu ri wkh vlpsoh{ E�� duh grplqdwhg e| glvwulexwlrq @c vlqfh

55



wkh| duh rewdlqhg e| uhglvwulexwlqj vrph vkduh ri lqfrph iurp wkh shuvrq

ehorz wkh �
n
> olqh wr wkrvh zkrvh lqfrph lv douhdg| deryh �

n
>1 Srlqwv rq

wkh vhjphqw S_ +h{foxglqj srlqwv S dqg _� fdqqrw eh udqnhg uhodwlyh wr @

lq d urexvw pdqqhu/ vlqfh wkh| lpso| uhglvwulexwlrq ehwzhhq wzr lqglylgxdov

zkrvh lqfrph lv ehorz �
n
>1 Srlqwv vlwxdwhg ehwzhhq wkh vhjphqw Se dqg wkh

grwwhg wuldqjoh Eq� grplqdwh wkh glvwulexwlrqv rq wkh vhjphqw Se� Krzhyhu/

wkh| fdqqrw eh udqnhg uhodwlyh wr @c vlqfh srlqwv rq wkh vhjphqw Se fdqqrw

eh jlyhq d urexvw udqnlqj uhodwlyh wr @� Srlqwv ehwzhhq Se dqg wkh hgjh ri

wkh wuldqjoh S_e duh grplqdwhg e| glvwulexwlrqv rq wkh vhjphqw Se� Krzhyhu/

wkh| fdqqrw eh udqnhg zlwk uhvshfw wr @c vlqfh srlqwv rq wkh vhjphqw Se

fdqqrw eh vxemhfw wr d urexvw udqnlqj zlwk uhvshfw wr @� Ilqdoo|/ srlqwv rq

wkh vhjphqw S_c h{fhsw wkh srlqw Sc duh grplqdwhg e| @ +dqg S,/ vlqfh wkh|

lpso| d wudqvihu iurp d shuvrq zkrvh lqfrph lv ehorz �
n
> wr d shuvrq zkrvh

lqfrph lv deryh �
n
>c zkloh pdlqwdlqlqj wkh wklug shuvrq*v lqfrph frqvwdqw1

Wkh vhw ri srlqwv ehwzhhq wkh wuldqjoh S_e dqg wkh erughu ri wkh vlpsoh{ fdq

eh uhdfkhg e| wudqvihuulqj iurp d shuvrq zkrvh lqfrph lv ehorz �
n
> wrzdug

dqrwkhu zkrvh lqfrph lv deryh �
n
>� Vlqfh hdfk ri wkhvh srlqwv lv grplqdwhg

e| dw ohdvw rqh srlqw rq wkh vhjphqw S_ +ru _e,/ wkh| duh grplqdwhg e| @�

Wkxv zh qrwh judsklfdoo| wkdw e| olplwlqj rxuvhoyhv wr fhqvruhg lqglfhv ri

lqhtxdolw|/ zh fdq lqfuhdvh vljql�fdqwo| wkh udqnlqj srzhu ri ruglqdo lqhtxdo0

lw| frpsdulvrqv1 Wklv lv prvw vwulnlqj iru �uvw0rughu uhvwulfwhg lqhtxdolw|

grplqdqfh/ e| zklfk wkh vhw ri glvwulexwlrqv orfdwhg lq vhfwlrqv uhsuhvhqwhg

e| wkh uhjlrqv ghqrwhg En� ru E�� lq Iljxuh < duh urexvwo| udqnhg zlwk uh0

vshfw wr glvwulexwlrq @c exw iru zklfk d C� udqnlqj zrxog qrw kdyh ehhq

srvvleoh iru dq| ri wkh glvwulexwlrqv lq wkh vlpsoh{1

; Frqfoxvlrq

Wklv sdshu h{whqgv vrph ri wkh wkhruhwlfdo olqnv ehwzhhq sryhuw| frpsdulvrqv

dqg frpsdulvrqv ri zhoiduh dqg lqhtxdolw|1 Dvvxpswlrqv ri ydulrxv ghjuhhv ri

frqwlqxlw| ri sryhuw| lqglfhv dw wkh sryhuw| olqh pdnh sryhuw| udqnlqjv jhq0

hudoo| hdvlhu wr rewdlq wkdq zhoiduh ru lqhtxdolw| udqnlqjv vlqfh wklv dyrlgv

wkh qhhg wr fkhfn grplqdqfh fulwhuld dw orzhu rughuv ri grplqdqfh1 Urexvw

udqnlqjv duh dovr qdwxudoo| hdvlhu wr rewdlq iru sryhuw| wkdq zhoiduh zkhq wkh

pd{lpxp sryhuw| olqh lv vhw ehorz wkh pd{lpdo lqfrph ydoxh1 H{whqglqj

iurp wkh wrs lqfrph wr lq�qlw| wkh xsshu lqfrph erxqg iru grplqdqfh whvw0

lqj lqfuhdvhv wkh udqnlqj srzhu ri vrfldo zhoiduh dqg lqhtxdolw| grplqdqfh
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gr qrw uhvwulfw wkh pd{lpxp sryhuw| olqh/ dqg ohw lw whqg wrzdug lq�qlw|/
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pd{lpxp lqfrph erxqg/ vr orqj dv vrfldo zhoiduh dqg lqhtxdolw| mxgjhphqwv

duh �fhqvruhg�/ wkdw lv/ vr orqj dv wkh| gr qrw wdnh lqwr dffrxqw wkh sruwlrqv

ri lqfrph wkdw h{fhhg d sduwlfxodu wkuhvkrog1
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iuhtxhqwo| irxqg lq wkh hpslulfdo olwhudwxuh rq wkh glvwulexwlrq ri lqfrph1

Wkh wrrov xvhg wr shuirup vxfk rughulqjv lqfoxgh/ lqwhu dold/ sursruwlrqv

ri lqglylgxdov xqghuqhdwk ydulrxv sursruwlrqv ri wkh phdq ru wkh phgldq/

txdqwlohv qrupdolvhg e| wkh phdq/ udwlrv ri txdqwlohv/ dqg phdq0qrupdolvhg

lqwhutxdqwloh glvwdqfhv1 Zh �qg wkdw frpsdulvrqv ri qrupdolvhg txdqwlohv

dqg ri sursruwlrqv ri lqglylgxdov xqghuqhdwk sursruwlrqv ri wkh phdq duh

frqvlvwhqw dqg surylgh dssursuldwh �uvw0rughu lqhtxdolw| grplqdqfh fulwhuld/

exw wkdw wkh rwkhu wrrov gr qrw/ dqg wkdw wkhlu xvh lv wkhuhiruh lqfrqvlvwhqw

zlwk wkh vhdufk iru lqhtxdolw| grplqdqfh ri dq| rughu1 D jhrphwulf dqdo|vlv

�qdoo| looxvwudwhv krz fhqvrulqj lqhtxdolw| lqglfhv fdq lqfuhdvh vljql�fdqwo|

wkh udqnlqj srzhu ri lqhtxdolw| frpsdulvrqv/ dqg krz wklv frpsduhv zlwk

rwkhu zd|v ri h{whqglqj wkh udqnlqj srzhu ri vwrfkdvwlf grplqdqfh fulwhuld1
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Figure 1
First-order inequality dominanceF( )
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Figure 2
Restricted first-order inequality dominance

F(      )
G(      )

γµ
γµ

F

G

0.25

0.5

γγ+

F(      )γµ F

G(      )γµG

  (0.25)
F

  (0.5)
G

p+

ΓΓ



yIa

yIayIa

6

~+

a

y1

y2y3

aIy

?

?

?

?

?

?

b

c

de

f

Figure 3: Distribution of 3� between 3 individuals.

6

~	

y1

y2y3

+

++

�

�

�

ba

c

de

f

Figure 4: Ordering with �3.

1



......................................................................

..................................

6

~+

y1

y2
y3

+

++

..
..
..
..

...
...
..

.........

............... .........

�

�

�

++

+

++

+

a b

c

de

f

Figure 5: Ordering with ��2.

6

- y1

y2

�

�

Figure 6: Strictly convex social indi�erence curves.

2



6

- y1

y2



+
�

�

�



+
�

Figure 7: Non-strictly convex social indi�erence curves.

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

........................................

6

~+

�

y1

y2
y3

�

�

Figure 8: Maximum 

+ for which the power of ranking a is increased.

3



..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..............................................

...........................................

6

~+

a

y1

y2
y3

b

c

�
�

�

d

+

+

+

+

�

�

�

?

??

ef

g

h

i

j

?

??

Figure 9: Ordering with ��1.

4



91-01 HANEL, Petr, Standards in International Trade.  A Canadian Perspective. (Paru dans  Revue Canadienne des
Sciences de l'Administration  - Canadian Journal of Administrative Sciences, vol. 10.1, Mars 1993).

91-02 FORTIN, Mario, La réforme de l'impôt sur le revenu des particuliers:  A-t-on vraiment  abaissé les taux
d'imposition?

91-03 ASCAH, Louis, Attribution of Pension Fund Surpluses: An Economic Perspective. (Published by Canadian
Centre for Policy Alternatives, Ottawa).

91-04 ASCAH, Louis, Attribution du surplus d'un régime de retraite - un regard économique. (Publié par Centre
canadien de recherche en politiques de rechange, Ottawa).

91-05 ASCAH, Louis, Recent Federal and Provincial Private Pension Plan Reform Legislation:  Missing, Misleading
and Shrinking Proposals.  (Published by Canadian Centre for Policy Alternatives, Ottawa).

91-06 ASCAH, Louis, La comptabilité des déficits publics : des illusions à la réalité.
91-07 ALLIE, E., R. DAUPHIN et M. FORTIN, Les aspirations de fertilité des étudiants de l'Université de Sherbrooke.
92-01 HANEL, PETR, The Liberalization of International Trade in Czechoslovakia, Hungary, and Poland. (Paru dans

Comparative Economic Studies, vol. 34, no 3-4, Fall-Winter 1992.
92-02 ASCAH, Louis, Public Pension Theory for the Real World.
93-01 FORTIN, Mario, L'écart des taux de chômage canadien et américain.
93-02 BILODEAU, Marc et Al SLIVINSKI, Rational Nonprofit Entrepreneurship.
93-03 FORTIN, Mario, The Impact of Unemployment Insurance on the Unemployment Rate.
93-04 GENTZOGLANIS, Anastassios, Innovation and Competition in the High - and Medium - Intensity R&D

Industries.
93-05 FORTIN, Mario et A. ABDELKRIM, Sectoral Shifts, Stock Market Dispersion and Unemployment in Canada.

(Paru dans Applied Economics, volume 29, pp. 829-839, juin 1997.)
93-06 HANEL, Petr, Interindustry Flows of Technology: An Analysis of the Canadian Patent Matrix and Input-Output

Matrix for 1978-1989. (Paru dans Technovation, vol 14, no. 8, October 1994.
94-01 BILODEAU, Marc et Al SLIVINSKI, Toilet Cleaning and Department Chairing: Volunteering a Public Service. (À

paraître dans Journal of Public Economics)
94-02 ASCAH, Louis, Recent Retirement Income System Reform: Employer Plans, Public Plans and Tax Assisted

Savings.
94-03 BILODEAU, M. et Al SLIVINSKI, Volunteering Nonprofit Entrepreneurial Services. (À paraître dans Journal of

Economic Behavior and Organization)
94-04 HANEL, Petr, R&D, Inter-Industry and International Spillovers of Technology and the Total Factor Productivity

Growth of Manufacturing Industries in Canada, 1974-1989.
94-05 KALULUMIA, Pene et Denis BOLDUC, Generalized Mixed Estimator for Nonlinear Models:  A Maximum

Likelihood  Approach.
95-01 FORTIN, Mario et Patrice Langevin, L'efficacité du marché boursier face à la politique monétaire.
95-02 HANEL, Petr et Patrice Kayembe YATSHIBI, Analyse de la performance à exporter des industries

manufacturières du Québec 1988.
95-03 HANEL, Petr, The Czech Republic: Evolution and Structure of Foreign Trade in Industrial Goods in the

Transition Period, 1989-1994. (Paru dans The Vienna Institute Monthly Report, numéro 7, juillet 1995)
95-04 KALULUMIA, Pene et Bernard DÉCALUWÉ, Surévaluation, ajustement et compétitivité externe : le cas des

pays membres de la zone franc CFA.
95-05 LATULIPPE, Jean-Guy, Accès aux marchés des pays en développement.
96-01 ST-PIERRE, Alain et Petr HANEL, Les effets directs et indirects de l’activité de R&D sur la profitabilité de la

firme.
96-02 KALULUMIA, Pene et Alain MBAYA LUKUSA, Impact of budget deficits and international capital flows on

money demand: Evidence From Cointegration and Error-Correction Model.

CAHIERS DE RECHERCHE – DÉPARTEMENT D’ÉCONOMIQUE - FLSH



96-03 KALULUMIA, Pene et Pierre YOUROUGOU, Money and Income Causality In Developing Economies: A Case
Study Of Selected Countries In Sub-Saharan Africa.

96-04 PARENT, Daniel, Survol des contributions théoriques et empiriques liées au capital humain (A Survey of
Theoretical and Empirical Contributions to Human Capital). (Paru dans L’Actualité économique, volume 72,
numéro 3, 1996)

96-05 PARENT, Daniel, Matching Human Capital and the Covariance Structure of Earnings.
96-06 PARENT, Daniel, Wages and Mobility : The Impact of Employer-Provided Training. (À paraître dans le  Journal of

Labor Economics)
97-01 PARENT, Daniel, Industry-Specific Capital and the Wage Profile : Evidence From the NLSY and the PSID.
97-02 PARENT, Daniel, Methods of Pay and Earnings: A Longitudinal Analysis.
97-03 PARENT, Daniel, Job Characteristics and the Form of Compensation.
97-04 FORTIN, Mario et Michel BERGERON, Jocelyn DUFORT et Pene KALULUMIA, Measuring The Impact of Swaps

on the Interest Rate Risk of Financial Intermediaries Using Accounting Data.
97-05 FORTIN, Mario,  André LECLERC et Claude  THIVIERGE, Testing For Scale and Scope Effects in Cooperative

Banks: The Case of Les Caisses populaires et d’économie Desjardins.
97-06 HANEL, Petr, The Pros and Cons of Central and Eastern Europe Joining the EU
00-01 MAKDISSI, Paul et Jean-Yves DUCLOS, Restricted and Unrestricted Dominance Welfare, Inequality and

Poverty Orderings
00-02 HANEL, Petr, John BALDWIN et David SABOURIN, Les déterminants des activités d’innovation dans les

entreprises de fabrication canadiennes : le rôle des droits de propriété intellectuelle
00-03 KALULUMIA, Pene, Government Debt, Interest Rates and International Capital Flows: Evidence From

Cointegration
00-04 MAKDISSI, Paul et Cyril TÉJÉDO, Problèmes d’appariement et politique de l’emploi
00-05 MAKDISSI, Paul et Quentin WODON, Consumption Dominance Curves: Testing for the Impact of Tax Reforms

on Poverty
00-06 FORTIN, Mario et André LECLERC, Demographic Changes and Real Housing Prices in Canada.
00-07 HANEL, Petr et Sofiene ZORGATI, Technology Spillovers and Trade: Empirical Evidence for the G7 Industrial

Countries.
01-01 MAKDISSI, Paul et Quentin WODON, Migration, poverty, and housing: welfare comparisons using sequential

stochastic dominance. Avril 2001.  (23 p)
01-02 HUNG Nguyen Manh et Paul MAKDISSI, Infantile mortality and fertility decisions in a stochastic environment.

Mars 2001. (12 p).
01-03 MAKDISSI, Paul et Quentin WODON, Fuel poverty and access to electricity: comparing households when they

differ in needs. Juin 2001. (19 p)
01-04 MAKDISSI, Paul et Yves GROLEAU, Que pouvons-nous apprendre des profils de pauvreté canadiens ?  Juillet

2001. (47 p)
01-05 MAKDISSI, Paul et Quentin WODON, Measuring poverty reduction and targeting performance under multiple

government programs.  Août 2001. (16 p)
01-06 DUCLOS, Jean-Yves et Paul MAKDISSI, Restricted inequality and relative poverty.  Août 2001. (31 p)
01-07 TÉJÉDO, Cyril et Michel TRUCHON, Serial cost sharing in multidimensional contexts.  Septembre 2001. (37 p)
01-08 TÉJÉDO, Cyril, Strategic analysis of the serial cost sharing rule with symmetric cost function. Février 2001.

(25 p)
02-01 DUCLOS, Jean-Yves, Paul MAKDISSI et Quentin WODON, Socially-efficient tax reforms,  Janvier 2002. (47 p)
* Tous ces cahiers de recherche sont disponibles sur notre site WEB (www.usherb.ca/flsh/eco) ou au Centre de

documentation de la FLSH A3-330 (UdeS).

Prière d’adresser vos commentaires ou demandes d’exemplaires d’un cahier de recherche antérieur (1976 à 1990) à monsieur Pene
KALULUMIA, coordonnateur des Cahiers de recherche du Département d’économique, Tél : 819) 821-7233 Télécopieur : 819) 821-
7237 Courriel :pkalulum@courrier.usherb.ca
Comments or requests for copies of previous Working Papers (1976 to 1990) should be made to the Working Papers Coordinator at the
Département d’économique, Mr. Pene KALULUMIA. Tel: (819) 821-7233
FAX:819) 821-7237 E-mail: pkalulum@courrier.usherb.ca


