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Abstract
The aim of this paper is threefold. First, we propose a bidimensional decomposition of the Gini ratio that combines two decomposition techniques of inequality
measurement in a bivariate distribution context. Usually decomposed measures
of inequality are gauged to be significant or not, using non-stratified bootstrap
techniques. Second, we show, with an illustrative example on the Italian survey on household’s income and wealth, that the stratified bootstrap yields less
distortion in estimated parameters. Finally, a brief review of the well-known
confidence intervals follows.
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Introduction

Mills and Zandvakili (1997) proposed to bootstrap the Gini coefficient. Different
reasons incite researchers to develop variance estimator or bootstrap methods to gauge
the significance of inequality indices. When inequality measures are normalized and
belong to the close interval [0, 1), such as the Gini ratio, changes in inequality over
time concern very small values. Then, wondering about the significance of the index
variation is of interest.
Another reason that stimulates researchers with inference is concerned with inequality decompositions. Two decomposition techniques are itemized. On the one
hand, there is the subgroup decomposition that enables one to share the overall inequality into within-group and between-group inequalities. On the other hand, there
is the source (factor) decomposition: when incomes are desegregated into various
income sources such as labour income, child support benefits, and social taxes, the
source decomposition yields the contribution of each factor to the global inequality.
Whatever the chosen decomposition technique, confidence intervals are needed since
the contributions (within-group, between-group or factor components) represent very
small quantities.
Biewen (2002) investigates bootstrap inference for generalized entropy inequality
measures and their decompositions, with the distinction of standard i.i.d. distributions and complex survey cases. Biewen and Jenkins (2006) pursue this idea and
develop variance estimators for the generalized entropy and Atkinson indices. But
derivation of variance estimators can be challenging when the studied measure is an
overcomplicated function such as the Gini ratio. Bootstrap inference is then appropriated in those cases.
The aim of this article is to suggest a bootstrap procedure to deal with a particular technique of decomposition. Mussard (2004, 2006) proposed to work within an
unified decomposition framework. Indeed, the Gini coefficient is liable to a bidimensional law of decomposition. Traditionally, inequality measures such as entropy yield
”marginal” decompositions. Following Table 1, these marginal decompositions only
address economic conclusions based on the margins. For instance, when the population is divided in two groups, the subgroup decomposition enables one to state that
the first group contributes with a 70% to the overall inequality, the second one with
a 20%, and that the between-group inequality represents 10% of the global inequality. On the other hand, when incomes are fractionated into three sources, the factor
decomposition ascribes a part of the overall inequality to each factor: 40% to labour
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income, 30% to social benefits, and 30% to social taxes.
Table 1: Structure of Inequality Decomposition Possibilities
Sources →
Groups ↓

Labour Income

Social Benefits

Social Taxes

Total

Inequalities within group 1

×

×

×

70%

Inequalities within group 2

×

×

×

20%

Inequalities between groups 1 and 2

×

×

×

10%

Total

40%

30%

30%

100%

The bidimensional decomposition of the Gini ratio (Gini multi-decomposition) allows one to combine the two marginal techniques and to determine the missing values
” × ”. Bootstrapping each couple or combination ” × ” (implying the bootstrap of
the margins) appears as a crucial feature when the number of groups and sources is
important. Nevertheless, following Athanasopoulos and Vahid (2003), bootstrapping
the Gini index (without decomposition) is a complex problem. They advance critical
insights to Mills and Zandvakili (1997). Athanasopoulos and Vahid (2003) underline
the use of the weighted Gini index in order to formulate a correction of the probabilities because stratified sample data implicitly suppose that individuals are not drawn
randomly from the population.
In the light of this discussion, we try to answer to the following interrogations. Is
it possible to formulate a weighted Gini multi-decomposition? And, which bootstrap
technique can be appropriated for this weighted Gini multi-decomposition?
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The bidimensional decomposition of the weighted
Gini index

Do the inequalities have to be reduced? Given libertarian theories, State interventions are not welcomed since they cause perturbations in market mechanisms, which
normally lead to equilibrium and optimality. On the contrary, Public Economics can
recommend State interventions to perform some policies of inequality reduction. In
this way, Sen’s (1973) interrogation ”Inequality of what?” is fundamental. In our
study, combining source and subgroup decompositions induces us to focus essentially
on incomes and their various income components or consumption expenditures.
Another question is central. How measuring inequalities? Two regular inequality
measures are principally used: the Gini index and the generalized entropy measures.
3

Both are symmetric (in order to guarantee individual’s anonymity), homogeneous of
degree zero (distribution units can be changed without changing the index value),
population invariant (distributions with heterogeneous sizes can be measured and
compared), sensitive to Pigou-Dalton transfers (the index deceases after income transfers from a higher-income individual to a lower-income one), and normalized (taking
the zero value when distributions are egalitarian).
Cowell (1989) derives variance estimators for univariate subgroup decomposition
of the generalized entropy indices, using the method of moments. In the same paper,
using U -statistics, he finds the variance estimator of the Gini index.
Biewen (2002) demonstrates that inequality, poverty and mobility measures can
be bootstrapped. He also demonstrates how it is possible to bootstrap the entropy
measures when univariate subgroup decomposition, univariate source decomposition,
and time variation are taken into account.
Biewen and Jenkins (2006) determine the variance estimator of entropy and Atkinson indices, which depend on aversion inequality parameters. Their study focuses
essentially on complex survey data. In these cases, the population is divided into
many strata that involve many clusters, which again involve several individuals.
Bootstrap methods especially concern the overall Gini index. Xu (2000) applies
the iterated-bootstrap method on the generalized Gini indices that depend on an
aversion parameter of inequality. Athanasopoulous and Vahid (2003) use Biewen’s
(2002) method, which consists in drawing B bootstrap samples (b = 1, . . . , B) from
a sample empirical distribution F̂ with a bivariate nature, that is, a distribution of
couples (income, weight):


F̂ −→ (y1∗b , w1∗b ), (y2∗b , w2∗b ), . . . , (yi∗b , wi∗b ), . . . , (yn∗b , wn∗b ) ,

(1)

where yi and wi stands respectively for the income of the ith household and its
corresponding weight. Hence, computing measures of inequality on each b sample
helps to derive confidence intervals.
In this way, let us now expose the specification of the weighted Gini multidecomposition. Formally, the well-known Gini coefficient is:
G=

n X
n
X
|yi − yr |
i=1 r=1

2n2 y

,

(2)

where y is the arithmetic mean of incomes. As explained supra, we have the possibility to weight the Gini index to make a correction of the probability for which the
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household is supposed to be randomly drawn from the overall population, whereas a
percentage of census data has been used. Then, the weighted Gini coefficient can be
formulated as follows:
G=

n X
n
X
|yi − yr |wi wr

2y w

i=1 r=1

,

(3)

where y w is the weighted arithmetic mean of incomes and where wi and wr are respectively the weights attached to the ith and the rth observations. Indeed, if stratified
samples are used, which include representative sub-samples, then to each ith sample
observation corresponds a weight equal to the relative frequency of the ith sample
observation in the total population.1
Let P be a population of n individuals of mean y divided into k subgroups Pj
(j, h = 1, . . . , k). The mean and the size of each subpopulation are respectively y j
and nj . Mussard (2004, 2006) demonstrates that the Gini index G (Eq.2) is multidecomposable, so that, the elements of Table 1 are determinable. Mussard and Terraza (2006) generalize this result and prove that it exists a class multi-decomposable
Gini indices:2
g(y) =

n X
n
X
|yi − yr |
i=1 r=1

f (yi , yr )

, for all f (yi , yr ) 6= 0.

(4)

Proposition 2.1 The weighted Gini index is multi-decomposable.
Proof: Suppose that f (yi , yr ) := 2y w w1i w1r . This entails immediately that G belongs
to g(y) provided that w1i , w1r , y w 6= 0. Now, invoking the subgroup decomposition
structure based on income pairs, that is, the subgroup decomposition methodology
that brings out the inequality within the groups by computing the within-group income differences and the inequality between the groups by gauging the between-group
1

These values are calculated considering population and region characteristics.
They address this family of measures to show that the Gini mean difference and the Gini mean
ratio belongs to this class of indices, without demonstrating the possibility to work with weighted
Gini indices.
2

5

income differences, we have:
n X
n
X
|yi − yr |
G=
2y w w1i w1r
i=1 r=1
nj nj
j−1 nj nh
k X
k X
X
X
X X |yij − yrh |
X |yij − yrj |
=
+
2
1 1
1 1 ,
2y
2y
w
w
w
w
w
j=1 i=1 r=1
j=2 h=1 i=1 r=1
ij
rj
ij wrh
|
{z
} |
{z
}
Gw

(5)

Ggb

where Gw and Ggb stands for the within-group weighted Gini index and for the
between-group weighted Gini index, respectively. The weight wij is related to the
ith individual of group Pj . Now, suppose that incomes are fractionated into q income
sources (labour income, transfers, taxes, etc.) such as: yi = yi1 + . . . + yim + . . . + yiq
for the ith individual or yij = yij1 + . . . + yijm + . . . + yijq since the ith individual be∗
is an operator that takes the minimum value
longs to group Pj . Consider that yj,ir
m∗
is the mth source of
between the ith and the rth individual’s income, and that yj,ir
this minimum. Hence, the weighted Gini ratio is multi-decomposable:
G=

nj nj
q
k X
m
∗m
X yijm + yrj
X
X
− 2yj,ir
m=1 j=1 i=1 r=1

+2

2y w w1ij w1rj

q
j−1 nj nh
k X
m
∗m
X
X
X X yijm + yrh
− 2yjh,ir
m=1 j=2 h=1 i=1 r=1

3

2y w w1ij w1rh

.

(6)

The income-receiving unit

Dealing with inequality indices implies that the analyst must choose between individuals or households as income-receiving units. Each one of these units has advantages
and inconvenient. Although using individuals brings in higher variability in incomes
than using household incomes and avoids the necessity of adjusting the size and the
age composition of the household, household studies are preferable in order to obtain
more realistic inequality comparisons. It is then necessary to include an equivalence
scale, but there is no consensus in the choice of an appropriated one.
For instance, it is possible to measure the inequality of income distribution amongst
persons but considering the information on family composition. As Cowell (1984)
wrote:
”[...] what we might be interested in is the income that an adult would have to
have in order to enjoy the same standard of living as he presumably enjoys in the

6

particular family within which he actually lives”.

Cowell, (1984), p. 358

Some years ago, it was impossible to find any information, but nowadays the
micro-data deliver indications both on household compositions and family incomes.
Afterward, Cowell (1984) proposed a system of random weights treating the incomereceiving units as a random sample of households issued from a bivariate distribution
(household sizes, incomes).
Another eventuality would be the study of households as income units. In this
case, it is possible to consider the total income family, but this indicator does not
take in consideration the demographic characteristics of the households.
Finally, there is the use of incomes per head that represent total income family
divided by the number of household members. But this methodology does not consider household characteristics any more. Consequently, working with households as
income-receiving units requires an appropriated equivalent scale to introduce sociodemographic characteristics such as household size, composition by age, etc.

4

The bootstrap principle

The analysis and the measurement of inequalities are based on information obtained
from sample surveys. These samples are subject to sampling and non-sampling errors. Sampling errors are due to the fact that we observe only a sub-set of the total
population. Statistical inference deals with this problem and allows us to determine
whether the estimated inequality measures represent the true population parameters.
The problem can be formulated as follows. Consider a random sample X =
(x1 , . . . , xn ) of unknown probability distribution F from which we want to estimate
a parameter ξ. We opt for an estimator ξˆ = s(X) using X. The question is: how
accurate is ξˆ ? One possibility to answer this question is the use of bootstrap methods
that allow to carry out the statistical inference for inequality measures.
The bootstrap technique is based on re-sampling with replacement. Each bootstrap sample, X ∗ , is an independent random sample of size n from the empirical
distribution F̂ which is formed by attaching probability 1/n to each observation xi ,
i = 1, . . . , n.3 The elements of each bootstrap sample are the same than those of the
original data set, but some observations will appear once, twice or zero times. To each
ˆ ξˆ∗ = s(X ∗ ). Following
bootstrap sample corresponds a bootstrap replication of ξ:
3

Notice that independence of observations is a sinequanon condition for the bootstrap method
to be valid.
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Efron and Tibshiriani (1993) the bootstrap algorithm providing the standard error of
a parameter is summarized as follows.
(i) Select B independent bootstrap samples, X ∗1 , . . . , X ∗b , . . . , X ∗B of n data values each one drawn with replacement from X.
(ii) Evaluate the bootstrap replication corresponding to each bootstrap sample:
ξˆ∗ (b) = s(X ∗b ) for all b = 1, 2, . . . , B.

(7)

(iii) Estimate the standard error by the sample standard deviation of the B replications,

2 1/2
PB  ˆ∗
∗
ˆ
 b=1 ξ (b) − ξ (·) 
sêξ̂∗ = 
for all b = 1, 2, . . . , B,
(8)

B−1
where

PB ˆ∗
b=1 ξ (b)
.
(9)
B
It can be shown that the empirical standard deviation tends towards the population
standard deviation as far as the number of bootstrap replications grows large, B −→
∞ .4
ξˆ∗ (·) =

5

The stratified bootstrap principle and the weighted
bidimensional decomposition

When we apply the bootstrap method to the global Gini index we must consider a
density of probability F with an unknown associated law. We also consider a random
sample of n individuals. The F̂ sample is constructed by attaching a probability of
1/n to each observation. Each one of the individuals in the sample is affected with a
j vector containing all the different studied income sources:
h
i
F̂ −→ Ŷ := (y11∗b + . . . + y1q∗b , w1∗b ), (y21∗b + . . . + y2q∗b , w2∗b ), . . . , (yn1∗b + . . . + ynq∗b , wn∗b ) .
(10)
From F̂ , we withhold B random samples with replacement from the initial sample,
allowing us to construct the confidence interval for the global Gini index.
When bootstrap and subgroup decomposition are analyzed together, many prob4

See the appendix, for a review of the different confidence interval that can be deduced from this
method.
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lems arise if we draw B samples from the studied sample. Taking households from
the overall sample empirical distribution leads inevitably to introduce distortion in
mean incomes and in number of individuals within each group. Indeed, in the case of
a simple or a multilevel Gini decomposition5 , we immediately conclude (see Eq. (5))
that the within-group Gini [Gw ] converges towards 0 when the number of groups is
equal to the number of households, and that the between-group Gini [Ggb ] converges
towards 0 when the number of groups tends towards one. This remark holds in both
cases of weighted Gini decompositions and unweighed Gini decompositions. Consequently, in order to neutralize these distortions in estimation within each group, it
is possible to use the stratified bootstrap sample (see Bickel and Freedman (1984)
that studied the validity of this method for many statistics). The stratified method
consists in drawing samples within each group of the empirical distribution instead of
drawing samples from the overall empirical distribution. We then draw B bootstrap
samples from the empirical distributions of each group F̂j for all j = 1, . . . , k, by
attaching the probability 1/nj to each observation:
F̂j −→ Ŷj :=

h

1∗b
(y1j

+ ... +

q∗b
∗b
1∗b
y1j
, w1j
), (y2j

+ ... +

q∗b
∗b
, w2j
), . . . , (yn1∗b
y2j
jj

+ ... +

(11)
Consequently, for all b samples, the number of households within each group remains
equal to that of the empirical distribution. Then, it is possible to measure B weighted
Gini multi-decompositions using the Ŷj ’s concatenations and derive the well-known
confidence intervals (see the appendix). Indeed, if the empirical distribution involves
k groups, we draw k samples from each group in a first stage, and in a second stage,
we estimate the multi-decomposition. We reiterate these stages B times.

6

Empirical illustration

We illustrate the technique on Italian data using the Survey on Household’s Income
and Wealth (Bank of Italy, 2000). The empirical distribution involves 4,007 households partitioned into three areas: North, Centre, and South and Islands. Households’s income is composed of three expenditure sources plus saving: (A) expenditure for transport and equipment, (B) expenditure for furniture, (C) non-durable
5

In this paper we only focus on simple subgroup Gini decomposition. The multilevel ones concern the groups of the empirical sample Pj , which are partitioned into many subgroups, which are
themselves partitioned into many subgroups, etc.
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i

ynq∗b
, wn∗bj j )
jj

.

expenditure, and (D) saving.6
As can be seen in Table 2, the main generating expenditures of inequalities are
transport and equipment (0,1819) and saving (0,1553). The generating groups of
inequalities are characterized by income differences between North and South (0,1298)
and within Centre (0,1010). The advantage of the multi-decomposition technique is to
provide a precise determination of the combined ”group/source” inequalities, showing
that the most important combinations are produced by the differences between North
and South in transport and equipment, and within North in transport and equipment,
with 0,0661 and 0,0408 respectively.7
Using the simple percentile method (see A2. in appendix), we compute confidence
intervals based on stratified bootstrap. The combinations ” Inequalities within group
j / from Source m ” and ” Inequalities between groups j and h / from Source m ”
are determined with the possibility to verify that the couples are significant.8
Table 2: Estimation of the multi-decomposition and stratified confidence
intervals**
Sources →
Group Inequalities ↓
Inequalities
in North
Inequalities
in Centre
Inequalities
in South and Islands
Inequalities
between North/Centre
Inequalities
between North/South
Inequalities
between Centre/South
Total
Sources

Source
A
0.0408
[0.0368 , 0.0448]
0.0051
[0.0042 , 0.0062]
0.018
[0.0157 , 0.0208]
0.029
[0.0264 , 0.0319]
0.0661
[0.0615 , 0.0709]
0.0227
[0.0201 , 0.0256]
0.1819

Source
B
0.0037
[0.0019 , 0.0055]
0.0007
[0.0004 , 0.0011]
0.0016
[0.0008 , 0.0026]
0.0033
[0.0022 , 0.0045]
0.0074
[0.0057, 0.0093]
0.0028
[0.0019 , 0.0039]
0.0195

Source
C
0.0012
[0.0008 , 0.0017]
0.0002
[0.0001 , 0.0002]
0.0005
[0.0003 , 0.0007]
0.0009
[0.0007 , 0.0012]
0.0023
[0.0019 , 0.0029]
0.0006
[0.0004 , 0.0009]
0.0056

Source
D
0.0364
[0.0311 , 0.0430]
0.0042
[0.0032 , 0.0053]
0.0182
[0.0146 , 0.0219]
0.0251
[0.0219 , 0.0287]
0.054
[0.0484 , 0.0599]
0.0176
[0.0149, 0.0204]
0.1553

Total
Groups
0.0821
0.101
0.0383
0.0583
0.1298
0.0437
G∼
= 0.3623
[0.3506 , 0.3756 ]

* Source: Bank of Italy ”Survey on Household’s Income and Wealth 2000”
**[.]: Confidence intervals based on stratified bootstrap
6

The income units are divided by the corresponding value of the equivalence scale built by
Carbonaro (1985, 2002) for the Commissione di indagine sulla povertà created by the Presidency of
the Council of Ministers of the Italian Government.
7
Another advantage of the multi-decomposition technique is to reveal, in some sample cases,
independent marginal decompositions. Indeed, the sub-group and income sources decompositions
can be independent. For instance the higher group inequalities can be Group 1, the higher source
inequalities Source 1, whereas the higher generating couple can be ”Group 2/Source 1”. Note that
in our study this is not the case, but the computation of the multi-decomposition is necessary to
provide a conclusion on the independence and on the intensity of the couples.
8
As we concatenate the sampling distributions of the k groups for all b, it is possible to compute
the bootstrap intervals of the margins, that is, the confidence intervals of each consumption expenditure, of the within- and the between-group inequalities (Eq. 5). See the literature for this subject,
e.g. Biewen (2002).
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The non-stratified bootstrap method also shows that all the couples are actually
significant. However, a slight difference is noted, as can be shown in Table 3. Indeed,
computing the amplitude of the confidence interval (upper bound minus lower bound)
with stratified bootstrap indicates that 21 couples out of 24 correspond to narrowest
confidence intervals. Consequently, attention must be paid on the use of the wellknown non-stratified bootstrap techniques, which lead to the conclusion that withinand between-group inequalities are more frequently significant than in stratified cases,
for a given probability level.
Table 3: Amplitude of the stratified and non-stratified confidence intervals**
Sources →
Group Inequalities ↓
Inequalities
in North
Inequalities
in Centre
Inequalities
in South and Islands
Inequalities
between North/Centre
Inequalities
between North/South
Inequalities
between Centre/South

Source
A
0.00802549
[0.00989246]
0.00201616
[0.00231459]
0.00514012
[0.0064381]
0.0055121
[0.00633355]
0.00940961
[0.01073636]
0.00557332
[0.00616949]

Source
B
0.00352234
[0.00360647]
0.00074438
[0.00079004]
0.00174991
[0.00182902]
0.00229132
[0.00241112]
0.0035091
[0.00339919]
0.00197787
[0.00210644]

Source
C
0.00093683
[0.00098175]
0.00016133
[0.00016549]
0.00041548
[0.00043244]
0.00053835
[0.0005619]
0.00098108
[0.00096588]
0.00042161
[0.0003909]

Source
D
0.01189225
[0.01206459]
0.00211704
[0.00235857]
0.00730249
[0.00791613]
0.00674351
[0.00738303]
0.01146824
[0.01165437]
0.00546796
[0.00616646]

* Source: Bank of Italy ”Survey on Household’s Income and Wealth 2000”
** []: Values of the confidence interval amplitudes based on non-stratified bootstrap
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Conclusion

The combination of groups and sources when measuring inequalities deliver thorough
information on the structure of income inequality but does not provide any precise
indices if one does not recourse to weighted decompositions. These weights ensure that
when a percentage of census data is used, individuals can reasonably be considered
as drawn at random from the population. As this probability correction is possible
in the context of the Gini multi-decomposition, the underlying couples ”Inequalities
within group j / from Source m” and ”Inequalities between groups j and h / from
Source m” are determinable with a higher precision.
But in order to know wether the couples are significant, the bootstrap principle appears as less challenging than the derivation of the variance estimators of the
11

couples. Indeed, it would be possible to derive the within- and the between-group
Gini indices with U -statistics, but it becomes overcomplicated for group and source
combinations. Then, the bootstrap technique is welcomed especially as the stratified
technique introduces less distortion in estimated Gini values, provided the size of each
group is sufficiently large.

Appendix
Applying the stratified bootstrap method, whatever the following chosen confidence
intervals, necessitates to draw within-group samples for all b (Eq. 11), and to compute
the required lower and upper bounds.

A1. Standard bootstrap confidence interval
This method is constructed by the standard error method:
ξˆ ± µ1−α/2 sêξ̂∗ ,
where µ1−α/2 is the 100.(1 − α/2)-th percentile of the reduced normal distribution,
1 − α the selected significance level, and sêξ̂∗ the standard error computed on the B
replications.
To make this approach efficient, the sample distribution of the studied parameter
must be approximately normal, the estimator has not to possess any bias, and sêξ̂∗
must be a good estimation of the empirical distribution standard error.

A2. Simple percentile confidence interval
Suppose the bootstrap data set X ∗ are generated according to F̂ −→ X ∗ and the
bootstrap replications ξˆ∗ = s(X ∗ ) are computable. Let ψ̂ be the cumulative distribution of ξˆ∗ . The 100 − α per cent confidence interval is defined by the 100.α/2-th and
the 100.(1 − α/2)-th percentiles of ψ̂(·):
h

i h
i
ξˆinf , ξˆsup ≡ ψ̂ −1 (α/2), ψ̂ −1 (1 − α/2) .

∗
By definition ψ̂ −1 (α/2) := ξˆ(α/2)
is the 100.α/2-th percentile of the bootstrap distribution. Thus:
i
h
i h
∗
∗
ˆ
ˆ
ˆ
ˆ
ξinf , ξsup ≡ ξ(α/2) , ξ(1−α/2)
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is the simple percentile confidence interval.

A3. Bias corrected percentile confidence interval
The bias corrected percentile bootstrap confidence interval for a given α significance
level is defined by:
h
i h
i
∗
∗
ˆ
ˆ
ˆ
ˆ
ξinf , ξsup ≡ ξ(α1 ) , ξ(α2 ) ,
where


α1 = Φ 2ẑ0 + ẑ α/2 and α2 = Φ 2ẑ0 + ẑ 1−α/2 ,
where Φ is the normal cumulative distribution function, and where z α/2 and z 1−α/2 are
the 100.(α/2)-th and 100.(1 − α/2)-th percentiles, respectively. The value of ẑ0 (bias
correction) can be obtained directly auditioning the number of bootstrap replications
ˆ
(ξˆ∗(r) ) inferior to the initial estimator value (ξ):
n
o
∗(r)
ˆ
ˆ
# ξ
<ξ
,
ẑ0 = Φ−1 
B


where Φ−1 is the inverse of the normal cumulative distribution function.

A4. Bias corrected and accelerated confidence interval
Let BCα be this confidence interval. The bounds of BCα are given by the percentiles
of the bootstrap distribution, which depend on â and ẑ0 called acceleration and bias
correction, respectively. The BCα interval with (1 − α) significance level is expressed
as:
i
h
∗
∗
,
BCα : = ξˆ(α1)
, ξˆ(α2)
where
ẑ0 + z (α/2)
α1 = Φ ẑ0 +
1 − â(ẑ0 + z (α/2) )




ẑ0 + z (1−α/2)
, α2 = Φ ẑ0 +
1 − â(ẑ0 + z (1−α/2) )



,

Φ the normal cumulative distribution function, z α/2 and z 1−α/2 the 100.α/2-th and
100.(1 − α/2)-th percentiles, respectively, and ẑ0 the bias correction (see supra). The
value of â is defined in jackknife values9 of the ξ ∗ statistics. Suppose xi is the brut
9

The jackknife is another re-sampling method that allows one to estimate the standard error and
the bias of a parameter. This method necessities to calculate n times the parameter’s value with a
different sample of n − 1 observations. The n samples of size n − 1 are always different since in each
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sample to which the i-th observation has been taken, then:
ξˆ(·) =

ˆ

Pn

i=1 ξ(xi )

n

.

The acceleration can be expressed as:
3
Pn  ˆ
ˆ
i=1 ξ(·) − ξ(xi )
â = 
2 3/2 .
Pn  ˆ
ˆ
6
i=1 ξ(·) − ξ(xi )
This equation is called acceleration because it obeys the rule of the standard error
transformation of ξˆ respecting the true value of the ξ parameter.

A5. Hall’s (1994) percentile method to construct confidence
intervals
Hall’s bias corrected confidence interval can be specified as:
h
i
ˆ − ξ ∗ , 2ξˆ − ξ ∗ ,
BCH
:=
2
ξ
α
sup
inf
∗
∗
denote the 100.α/2-th and the 100.(1 − α/2)-th lower and upper
and ξsup
where ξinf
percentiles of the bootstrap distribution of ξ ∗ , respectively. This method is more appropriated than the simple percentile confidence interval. Obviously, the two methods
∗
∗
.
produce the same interval if ξˆ is the midpoint between ξinf
and ξsup

A6. Hall’s (1994) percentile confidence interval for the difference between two samples
Suppose we have two samples of sizes n1 and n2 , drawn from completely unspecified
probability distribution F1 and F2 and let ∆ξˆ denote the difference between the
estimated parameters, i.e, ∆ξˆ := ξˆ1 − ξˆ2 . The bootstrap procedure simulates the
distribution of the difference of these parameters. This is done by drawing bootstrap
samples of size n1 ad n2 from the empirical distributions F1 and F2 respectively, and
recording the difference between the estimated parameters. Repeating this routine B
re-sampling stage, a new observation is eliminated.
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times (B bootstrap samples) produces:
∆ξ ∗b = ξ1∗b − ξ2∗b , for all b = 1, . . . , B.
Hall’s percentile confidence interval for the difference between the estimated values
computed on two samples is deduced from the bootstrap distribution:

 100 − α
∗
∗
Pr 2∆ξˆ − ξinf
≤ ∆ξ ≤ 2∆ξˆ − ξsup
=
,
100
∗
∗
are the 100.α/2-th and 100.(1 − α/2)-th lower and upper
and ∆ξinf
where ∆ξsup
percentiles of the bootstrap distribution for the difference of two parameters, respectively. If this confidence interval does not include zero, we can conclude that the
difference between the two parameters estimated from the empirical distributions F1
and F2 is statistically significant.
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