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Abstract

Data contamination and excessive correlations between regressors (multicollinear-

ity) constitute a standard and major problem in econometrics. Two techniques en-

able solving these problems, in separate ways: the Gini regression for the former,

and the PLS (partial least squares) regression for the latter. Gini-PLS regressions

are proposed in order to treat extreme values and multicollinearity simultaneously.
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1 Introduction

The estimation of regression coe�cients with PLS regressions, introduced by Wold et al.

(1983), is very convenient when a massive quantity of correlated explanatory variables
(regressors) must be handled, especially in chemistry, biology and engineering. In most
�elds, such as the development of geographical information systems, the automatic capture
of data, chemometrics, medicine, etc., the problem of deriving accurate estimators has
been much explored (Planchon, 2005). The success of PLS methods lies in their �exibility.
They are employed if: the regressors are strongly correlated, the number of regressors
exceeds the size of the sample, or the database is missing values.

The Gini regression (Olkin and Yitzhaki, 1992) is concerned with the minimization
of a particular target function, the Gini index of the residuals, instead of the traditional
variance. The estimators derived from this criterion are more robust than those of OLS
(ordinary least squares) when the regressors deviate from the multinormal distribution.
The Gini regression approach also provides a better adjustment in the presence of ex-
treme values (outliers), see Yitzhaki and Schechtman (2013) for an overview of the Gini
methodology. Outliers can excessively a�ect the amplitude and the signs of the coe�cient
estimates (Choi, 2009). Data contamination may also exclude the possibility of obtaining
a valid inference since the coe�cient estimates exhibit important variances (instability),
see Dixon (1950), and John (1995). The Gini regression allows the problems of instability
and of inconsistent signs of the coe�cient estimates to be solved.

The di�culties attendant on multicollinearity and outliers have led to an extensive
literature either based on PLS regressions or Gini regressions. Each regression has been
designed to derive accurate estimates of the expected values of the response variable and,
to a lesser extent, to interpret the signs and the magnitudes of the coe�cient estimates.
However, outliers and multicollinearity are treated separately, and as far as we know, no
regression techniques have yet been based on a uni�ed framework to embrace both those
concerns.

In this article, we suggest two Gini-PLS regressions that improve the quality of the
coe�cient estimates in the presence of outliers and excessive correlations between the
regressors. The Gini1-PLS1 framework aims at regressing the dependent variable on or-
thogonal components that are derived from the weights stemming from the Gini covariance
operator (cogini). These weights are precisely the result of the maximization of the cogini
between the regressors and the dependent variable. The main characteristics of the Gini1-
PLS1 regression are its employment of rank vectors (of the regressors) as instruments, as
�rst suggested by Durbin (1954), in order to treat the problem of correlated measurement
errors. The building-block pattern of the Gini2-PLS1 approach is concerned with the
conception of weights being the slope of semi-parametric Gini regressions that are well
suited for the treatment of extreme values. Both types of Gini-PLS regression have their
roots in the cogini operator, and, as such, they are better candidates than the usual PLS
regression to handle simultaneously the problems of outliers and multicollinearity.

This paper is undeniably in line with the literature that lays an emphasis on the
improvement of PLS regressions, e.g., Bastien, Esposito Vinzi and Tenenhaus (2005)
for the generalized PLS regression in order to deal with ordinal variables, Chung and
Keles (2010) for sparse-PLS to simultaneously achieve variable selection and dimension
reduction, Russolillo (2012) for data de�ned on di�erent scales and when non-linearity
occurs between the variables, Bry et al. (2013) for PLS regression with generalized linear
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models based on the Fisher scoring algorithm to provide robust estimates in the case of
multiple dependent variables.

The outline of this paper is as follows. In Sections 2 and 3, the PLS1 regression
(with only one dependent variable) and the Gini regressions are succinctly exposed. The
Gini1-PLS1 and Gini2-PLS1 regressions are developed in Section 4. Section 5 is devoted
to simulations and applications in order to compare PLS1, Gini1-PLS1 and Gini2-PLS1.
Section 6 closes the article.

2 PLS1 Regression

The PLS1 regression consists in modelling one dependent (predicted) variable, a column
vector y of size n, on orthogonal components t1, . . . , th (column vectors of size n), where
tᵀh is the transpose of th. Let X be the n × p matrix of the regressors (variables) xj
(j = 1, . . . , p). In what follows, xji is de�ned to be the ith observation (i = 1, . . . , n) of
the jth regressor. Without loss of generality, the variables xj are assumed to be centred
throughout the analysis in order to facilitate the exposition of the main results.

2.1 The steps of the PLS1 regression

The PLS1 regression consists in explaining the variance of y by orthogonal latent variables
t1, . . . , th ensuing from the regressors xj. The estimated model is then puri�ed from
multicollinearity. The components stem from a program of maximization (Step 1 of
the algorithm) that improves the correlation between the dependent variable y and the
regressors xj.

• Step 1: The contribution of each regressor xj to the dependent variable y is given
by a column vector (of size p) of weights w1 that allows the covariance between X and y
to be maximized:

max cov(Xw1, y) s.t. ‖w1‖ = 1 .

The Lagrangian is given by

L = cov(Xw1, y)− λ(w2
11 + w2

12 + · · ·+ w2
1p − 1)

= cov(Xw1, y)− λ(wᵀ1w1 − 1) . (1)

The solution is

w1j =
cov(xj, y)√∑p
j=1 cov

2(xj, y)
, ∀j = 1, . . . , p .

The regressors xj are then tied to a weight w1j which strengthens the link between y and
each xj. The �rst component t1 is then expressed as

t1 = w11x1 + · · ·+ w1jxj + · · ·+ w1pxp .

Even if some regressors are perfectly correlated, the dependent variable y can be regressed
on t1 using OLS:

y = c1t1 + ε1 .

The whole model, with all the regressors xj, is deduced from the decomposition of the
component t1:

y = c1 (w11x1 + w12x2 + · · ·+ w1pxp) + ε1 .
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Since c1 is estimated by OLS, some well-known problems arise when outliers contaminate
the data: the variance of the coe�cient estimates increases with respect to the intensity of
the outliers and inconsistent signs of the coe�cient estimates may be recorded. If outliers
are withdrawn from the sample, or in general for missing data, the �rst component is
given by,

t1i =

∑
j:∃xji w

′′
1jxji∑

j:∃xji(w
′′
1j)

2
, ∀i = 1, . . . , n (2)

where

w′′1j =
w′1j√∑p
j=1(w

′
1j)

2
and w′1j =

∑
i:∃xji,yi xjiyi∑
i:∃xji,yi(yi)

2
.

• Step 2: The second component t2 is designed so that t1 ⊥ t2. The orthogonality is
captured by the partial regressions of each xj on t1 in order to extract the information
that is independent of t1, i.e. by de�nition of OLS, the residuals û(1)j for all j = 1, . . . , p
such that 

regress x1 on t1: x1 = β11t1 + u(1)1
...

regress xp on t1: xp = β1pt1 + u(1)p .

The weight vector w2 associated with the second component t2 issues from the maximiza-
tion of the link between Û(1) and ε̂1, where Û(1) is the n× p matrix containing in columns
the vectors û(1)j:

max cov(Û(1)w2, ε̂1) s.t. ‖w2‖ = 1 =⇒ w2j =
cov(û(1)j, ε̂1)√∑p
j=1 cov

2(û(1)j, ε̂1)
, ∀j = 1, . . . , p .

The second component t2 is derived as follows:

t2 =

p∑
j=1

w2jû1j = w21(x1 − x̂1) + · · ·+ w2p(xp − x̂p)

= w21(x1 − β̂11t1) + · · ·+ w2p(xp − β̂1pt1) .
The whole model with t1 being orthogonal to t2 is given by

y = c1t1 + c2t2 + ε2 .

• Step h: The residuals ε̂h−1 of Step h− 1 are linked with the partial residuals Û(h−1)
obtained by regressing every xj on the components t1, . . . , th−1, for all j = 1 . . . , p. Max-

imizing the covariance between ε̂h−1 and Û(h−1) provides the component th:

th =

p∑
j=1

whjû(h−1)j =

p∑
j=1

cov(û(h−1)j, ε̂h−1)√∑p
j=1 cov

2(û(h−1)j, ε̂h−1)
· û(h−1)j .

The OLS regression of y on t1, t2, . . . , th yields

y = c1t1 + · · ·+ chth + εh . (3)

Even if the regressors are highly correlated, the employment of OLS is possible whenever
the full rank hypothesis is ful�lled (if n > h). The number of relevant components th is
deduced from the prediction power associated with each component, the so-called cross
validation.

4



2.2 Cross-validation

The cross-validation, quite close to the Jackknife, allows retaining the optimal number of
components. Let ŷ(h)i be the prediction of yi computed with model (3), which is estimated
with all observations i = 1, . . . , n and with h components. On the other hand, let ŷ(h)−i
be the prediction of yi computed with model (3), which is estimated with h components
but without the ith observation. The process is then to loop over all i varying from 1 to
n.1 The quality of the model's predictions is gauged by computing the squared di�erences
between the dependent variable and its prediction, the so-called predicted error sum of
squares (PRESS):

PRESSh =
n∑
i=1

(
yi − ŷ(h)−i

)2
.

The residual sum of squares (RSS) of the model with h− 1 components is

RSSh−1 =
n∑
i=1

(
yi − ŷ(h−1)i

)2
.

The ratio PRESSh
RSSh−1

indicates whether or not the model's predictions with the component

th are better. In the case where PRESSh is close to RSSh−1, there is no improvement in
the predictions owing to the use of th. The following statistic is then calculated:

Q2
h = 1− PRESSh

RSSh−1
.

If the model with h components provides better predictions, then
√
PRESSh is su�ciently

low. More precisely, the component th is retained if
√
PRESSh 6 0.95

√
RSSh, that is,

when Q2
h > 0.0975 = (1 − 0.952). To test the component t1, the total sum of squares is

computed:

RSS0 =
n∑
i=1

(yi − ȳ)2 .

3 Gini Covariance and Gini Regressions

The sum of the squared residuals is sensitive to extreme values . . .

Olkin and Yitzhaki (1992, p. 185)

In this section, the main features inherent to the Gini covariance are exposited and the two
existing (parametric and semi-parametric) Gini regressions are reviewed. Gini covariance
and Gini regressions are further examined in Section 4 to implement the Gini1-PLS1 and
Gini2-PLS1 regressions.

The Gini covariance (cogini) was introduced by Schechtman and Yitzhaki (1999, 2003):

cog(x, y) := cov(x,R(y)), (4)

where R(y) is the rank vector of y.2 Traditionally, two main approaches have been em-
ployed for analysing the relation between two random variables x and y: either the usual

1Observations can be eliminated block by block instead of one by one, see Tenenhaus (1998), p. 77.
2The rank vector is obtained by replacing the values of y by their ranks (the smallest value of y being

ranked 1 and the highest n).
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covariance cov(x, y) (and Pearson's correlation coe�cient, which depends on the variance
analysis) or the covariance between the rank vectors of x and y (or their cumulative
distribution functions), i.e. cov(R(x), R(y)). The cogini is a mixture of both views. It
enables a new correlation statistic to be employed, quite close to Pearson's coe�cient, the
G-correlation index Γxy := cov(x,R(y))/cov(x,R(x)).3 It is bounded between [−1, 1], it
is insensitive to monotonic transformation of x and to linear transformation of y, and it
is null if and only if x and y are independent, see Yitzhaki (2003). As shown by Yitzhaki
and Schechtman (2013), although Pearson's correlation coe�cient is useful, some di�cul-
ties may arise. For instance, Pearson's correlations are compared with the values ±1 in
order to assess the strength of a correlation between the variables x and y (0 if there is no
association between them). Both interpretations may be misleading because multivariate
distributions may exhibit naturally a range of [±1

3
] of possible Pearson's coe�cients. On

the other hand, the random variables x and y may be connected by a monotonic trans-
formation even if their Pearson's correlation is close to 0. As the cogini is a compromise
between the covariance and the rank approach, it is, as such, a good candidate to remove
outliers from the sample. In contrast, OLS regressions may provide unstable coe�cients
when outliers occur (the variance of the coe�cient estimates as well as the variance of the
residuals may tend to in�nity). Hence, the usual Student's t-tests may indicate that the
parameters are not signi�cant.

The semi-parametric Gini regression consists in �nding the slope of the regression
curve by having recourse to a geometric analysis. In a model with a single regressor,
yi = α+ βGxi + εi, Olkin and Yitzhaki (1992) show that the slope is a weighted mean of
all tangents (tan θ) issuing from all possible pairs of observations (i, j). Let the values of
x be ranked in ascending order: x1 6 · · · 6 xn. Then

tan θ ≡ τij :=
yi − yj
xi − xj

, ∀j < i , j = 1, . . . , n .

Figure 1: Semi-parametric Gini Regression

3There are two G-correlation coe�cients (which are not symmetric) Γxy := cov(x,R(y))/cov(x,R(x))
and Γyx := cov(y,R(x))/cov(y,R(y)) in the same manner as the coginis cov(x,R(y)) and cov(y,R(x)).
The two G-correlations are equal if the distributions are exchangeable up to a linear transformation. Note
that in the remainder, only one cogini is used: cog(x, y) = cov(x,R(y)).
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The slope of the Gini regression is given by

β̂G =
∑
j<i

vijτij, with vij =
xi − xj∑
j<i(xi − xj)

, and
∑
j<i

vij = 1. (5)

Olkin and Yitzhaki (1992) show that Eq. (5) allows the slopes of several methods to be
captured. For example, the following weight,

wij =
(xi − xj)2∑
j<i(xi − xj)2

,

entails β̂OLS =
∑

j<iwijτij. In OLS, the weights wij are of a quadratic nature. Conse-

quently, the outliers in�ate the value of the slope. In contrast, β̂G is based on weights vij
that are less sensitive to outliers. The Gini semi-parametric approach also provides the
ability to choose the α coe�cient, for instance, the regression line passing through (x̄, ȳ):

α̂G = ȳ − β̂G x̄ .

In the parametric case, Olkin and Yitzhki (1992) show that the same β̂G minimizes the
Gini index of the residuals G(e) if the model is linear. Let the vector of residuals be
linearly approximated by e := y − β̂Gx. Then

β̂G = arg min
βG

G(e) = arg min
βG

1

n2

n∑
i=1

n∑
j=1

|ei − ej| . (6)

Thereby, an equivalent β̂G expression is derived:4

β̂G =
cov(y,R(x))

cov(x,R(x))
.

The multiple semi-parametric Gini regression depends on the rank matrix R(X) and its
transpose Rᵀ(X). The rank matrix contains in columns the rank vectors R(xj) of the
regressors xj, j = 1, . . . , p. The semi-parametric Gini estimator is a p× 1 vector given by

β̂G = (Rᵀ(X)X)−1Rᵀ(X)y .

The semi-parametric approach has the advantage of relying on few assumptions, for in-
stance the linearity hypothesis is relaxed. However, in the case of multicollinearity, in
the same manner as the OLS, the semi-parametric Gini regression fails. Indeed, X must
be a full rank matrix otherwise Rᵀ(X)X is not invertible. Based on the previous discus-
sion about the cogini operator and the Gini regressions, we are now able to propose the
Gini-PLS regressions.

4 The Gini-PLS1 Regressions

The Gini-PLS regressions solve simultaneously the following problems: outliers, small
samples (n 6 p), excessive correlations between regressors, and missing values. Two
regressions are proposed: Gini1-PLS1 and Gini2-PLS1.

4If the condition of linearity is relaxed, the parametric and non-parametric Gini techniques are not
necessarily equivalent.
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4.1 The steps of the Gini1-PLS1 regression

The building-block structure of Gini1-PLS1 is the use of cogini weights for maximizing
the link between y and the regressors xj in order to limit the in�uence of outliers. In what
follows, the regressors xj and the dependent variable y are assumed to be centred. The
rank matrix of the standardized regressors is denoted by R(X) (with R(xj) in columns).

• Step 1: As sketched in the previous section, the coe�cient estimates of the Gini
regression are less sensitive to extreme values, thanks to the use of the cogini operator.
Accordingly, a new weight vector w1 that strengthens the cogini link between the predicted
variable y and the regressors xj is derived as follows.

Proposition 1 The solution of the following program

max cov(y,R(X)w1) , s.t. ‖w1‖ = 1 ; is

w1j =
cog(y, xj)√∑p
j=1 cog

2(y, xj)
, ∀j = 1, . . . , p .

Proof:
From the de�nition of the cogini (4) and the well-known solution of the maximization
program (1) of the PLS1 regression, the result is immediate:

w1j =
cov(y,R(xj))√∑p
j=1 cov

2(y,R(xj))
, ∀j = 1, . . . , p .

As a remark, if the predicted variable y were standardized, then cov(y,R(xj)) would
represent the coe�cient of the OLS regression of R(xj) on y.

We now turn to the determination of the component t1 (the procedure is still valid
with missing data, see Eq. (2) Section 2). The variable y is regressed by OLS on the
component t1, which is built in the usual manner as a linear combination of the variables:

t1 =

p∑
j=1

w1j xj =⇒ y = c1t1 + ε1 .

• Step 2: As in the classical PLS1 regression, OLS is used to implement partial
regressions, except that the regressor is replaced by its rank vector. We shall see in what
follows that these rank vectors are actually instruments. Let β1 := (β11, . . . , β1j, . . . , β1p)
be a p×1 vector whose elements β1j are the coe�cients resulting from the OLS regression
of each R(xj) on t1:

R(xj) = β1jt1 + u(1)j , ∀j = 1, . . . , p . (7)

The second weight vector w2 is then deduced from the cogini between the residuals ε̂1
and û(1)j. Let Û(1) be the matrix whose columns are the vectors û(1)j:

max cov(ε̂1, R(Û(1))w2) , s.c. ‖w2‖ = 1 =⇒ w2j =
cog(ε̂1, û(1)j)√∑p
j=1 cog

2(ε̂1, û(1)j)
, ∀j = 1, . . . , p .
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The second component t2 enables the whole model to be estimated:

t2 =

p∑
j=1

w2jû(1)j =⇒ y = c1t1 + c2t2 + ε2 .

• Step h: Partial regressions are iterated by adding the in�uence of th−1:

R(xj) = β1jt1 + · · ·+ βh−1jth−1 + u(h−1)j , ∀j = 1, . . . , p .

Therefore, after maximization, we get

w(h)j =
cog(ε̂h−1, û(h−1)j)√∑p
j=1 cog

2(ε̂h−1, û(h−1)j)
, ∀j = 1, . . . , p ,

th =

p∑
j=1

whj û(h−1)j =⇒ y = c1t1 + · · ·+ chth + εh .

The algorithm stops when the cross-validation rejects the component th+1.

4.2 The steps of the Gini2-PLS1 regression

In the Gini1-PLS1 regression, the orthogonality between the components th originated
from the cogini maximization and the use of rank vectors in the partial regressions. The
other possibility is to bene�t from the coe�cients of the semi-parametric Gini regression.
This represents another way of minimizing the in�uence of outliers by employing the
cogini operator. In particular, we begin with the following Gini regressions:

y = δG1jxj + ej, ∀j = 1, . . . , p .

• Step 1: The element w1j of the weight vector w1 represents the link between xj and

y (that is δ̂G1j) as a fraction of all possible links:5

δ̂G1j =
cog(y, xj)

cog(xj, xj)
=⇒ w1j =

δ̂G1j√∑p
j=1(δ̂G1j)2

, ∀j = 1, . . . , p .

The �rst component t1 is

t1 =

p∑
j=1

w1jxj .

As in Gini1-PLS1, the cogini operator enables the model to be purged of outliers, since
each δ̂G1j is designed with a weighted mean of tangents δ̂G1j, for which the weights vij =

xji−xjr∑
r<i(xji−xjr)

are not of a quadratic nature [see Eq. (5)]. The whole model is estimated by

OLS as usual:
y = c1t1 + ε1 .

The remainder of the algorithm is equivalent to PLS1 except that the weights are deduced
from the coe�cients of the semi-parametric Gini regressions.

5Note that the weight vector wj may also be derived from the minimization of the Gini index of the
residuals, i.e. by the parametric Gini regression whenever the link between y and xj is not linear.
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• Step h > 2:
The partial regressions are implemented by OLS without the use of the rank vectors as
in Gini1-PLS1:

xj = β1jt1 + · · ·+ βh−1jth−1 + u(h−1)j , ∀j = 1, . . . , p . (8)

The weights are constructed from semi-parametric Gini regressions of ε̂h−1 on each û(h−1)j:

ε̂h−1 = δGhjû(h−1)j + ν(h−1)j =⇒ δ̂Ghj =
cog(ε̂h−1, û(h−1)j)

cog(û(h−1)j, û(h−1)j)
.

The weights are given by

whj =
δ̂Ghj√∑p
j=1(δ̂Ghj)

2

, ∀j = 1, . . . , p. (9)

The whole model is estimated by OLS:

th =

p∑
j=1

whj û(h−1)j =⇒ y = c1t1 + c2t2 + · · ·+ chth + εh .

The expression (8) is used to maintain the orthogonality t1 ⊥ · · · ⊥ th, as in the standard
PLS1 regression.

4.3 Properties

PLS regressions are based on mathematical properties such as orthogonality and nor-
malization conditions, among others. These properties show that the Gini1-PLS1 and
Gini2-PLS1 regressions are very close to PLS1, as summarized in Table 1 below.

Proposition 2 The properties of PLS1, Gini1-PLS1, and Gini2-PLS1 are the following.

Table 1: Properties

Properties PLS1 Gini1-PLS1 Gini2-PLS1

(o) t1 ⊥ t2 ⊥ · · · ⊥ th ! ! !

(i) wᵀ` β̂` = 1, ∀` ∈ {1, . . . , h} ! !(` > 1) !

(ii) wᵀhÛ
ᵀ
(`) = 0, ∀` > h > 1 * ! !(h > 1) !

(iii) wᵀhβ̂` = 0, ∀` > h > 1 ! !(h > 1) !

(iv) wᵀhw` = 0, ∀` > h > 1 ! !(h > 1) ×
(v) tᵀhÛ(`) = 0, ∀` > h > 1 ! ! !

(vi) Û(h) = Û(0)

∏h
`=1 (I− w`βᵀ` ) , ∀h > 1 ! × !

(vii) Missing Values ! ! !

(viii) Extreme Values × ! !

(ix) Small Samples (n < k) ! ! !

* 0 is the 1× p vector of zeros.
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Proof:
The mathematical properties (o)�(vi) are relegated to Appendix A. The robustness to
missing values (vii) is given in Eq. (2) and is available for all regressions. The OLS
estimation of y = c1t1 + · · · + chth is possible whenever n > h. Therefore, the good
performance with small samples (ix) is met when the number h of components is the
lowest possible. Finally, robustness to extreme values (viii) will be investigated in the
simulation part below (Section 5.1).

4.4 Interpretations

Interpreting a PLS regression is possible as long as it is of good quality. To assess the
goodness of �t of a PLS regression, the following statistics are computed: redundancies
on the regressors, redundancies on the dependent variable, variable importance in the
projection (V IP ), and the control for outliers.

• Redundancy on inputs X explained by the set of components t1, . . . , th is given by

Rd(X; t1, . . . , th) :=
1

p

h∑
`=1

p∑
j=1

cor2(xj, t`) =:
h∑
`=1

Rd(X; t`),

where cor(·, ·) denotes Pearson's correlation coe�cient. The redundancy on X of one
component th, i.e. Rd(X; th), yields the share of the variance of X explained by th, while
Rd(X; t1, . . . , th) yields the sum of the shares of the variances arising from t1 to th. The
computation of redundancies is a standard practice in PLS regression since all steps are
grounded on partial regressions of each xj on t1, . . . , th. These statistics enable PLS1 and
Gini2-PLS1 to be compared, since these two regressions depend on the same OLS partial
regressions. The partial regressions in Gini1-PLS1 are based on the rank vector, so that
the redundancy on rank vectors is computed as follows:

Rd(R(X); t1, . . . , th) :=
1

p

h∑
`=1

p∑
j=1

cor2(R(xj), t`) =:
h∑
`=1

Rd(R(X), t`).

• Redundancy on the dependent variable y explained by the set of components t1, . . . , th
is given by

Rd(y; t1, . . . , th) :=
1

p

h∑
`=1

cor2(y, t`) =:
h∑
`=1

Rd(y; t`).

This yields the share of the variance of y explained by t1, . . . , th. Since the OLS regression
of y on all th is common to all regressions (both the PLS and the Gini-PLS ones), the
redundancy on y allows the quality of all (Gini-)PLS1 regressions to be compared.

• Variable Importance in the Projection yields the relevant predictors xj of y that can
be selected. The predictive power of xj in a model with h components is given by

V IPhj :=

√
p
∑h

`=1Rd(y; t`)w2
`j

Rd(y; t1, . . . , th)
, such that

p∑
j=1

V IP 2
hj = p.

The most important predictors xj are the regressors for which V IPhj > 1. As the V IP is
grounded on the redundancy on y, it is comparable from one model to another. However,
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the V IP of PLS1 is not reliable when outliers arise. Let us considermeasurement errors to
illustrate this fact. Let x̃j be the regressors with measurement error such that x̃j = xj+u,
with u being an error term. As seen above, the weights of the Gini1-PLS1 and Gini2-PLS1
regressions (with no measurement errors) are, respectively,

wGini11j =
cov(y,R(xj))√∑p
j=1 cov

2(y,R(xj))
; wGini21j =

cov(y,R(xj))

cov2(xj ,R(xj))√∑p
j=1

(
cov(y,R(xj))

cov(xj ,R(xj))

)2 .
Let us denote by w̃Gini11j and w̃Gini21j the weights contaminated by measurement errors.
The rank vector R(xj) is not sensitive to increasing monotonic transformations. It also
remains invariant if the measurement errors u exhibit low standard deviations (this is not
necessarily the case for an outlier that drastically a�ects the rank of one given observation).
As a consequence, the weights remains constant wGini11j = w̃Gini11j .6 As wPLS11j depends on
xj, it may be sensitive to measurement errors in xj (it is insensitive if the error is not
correlated with xj). Let ˜V IP be the statistics embodied with measurement errors. Taking
the derivative of wPLS11j , then simple algebraic manipulations yield7

if wPLS11j > 0 and if cov(xj, u) ≶ 0 =⇒ ˜V IP 1j ≶ V IP1j.

If the measurement error is positively (negatively) correlated with xj, the V IP statistic
inherent to t1 is higher (lower) than its true value. In the Gini2-PLS1 regression, the
converse is obtained8

if wGini21j > 0 and if cov(xj, u) ≶ 0 =⇒ ˜V IP 1j ≷ V IP1j.

To conclude, measurement errors in xj imply that all weights w̃`j of PLS1 and Gini2-
PLS1 are biased, so that the V IP statistics may produce nonsensical interpretations. A
variable can be viewed as important due to the fact that ˜V IP hj > 1, whereas in reality
V IPhj < 1 (or conversely). As we will see below in the simulation part with only one
outlier in the data, although Gini1-PLS1 seems to be appropriate to neutralize the data
contaminations, the Gini2-PLS1 regression is useful to treat outliers correlated with xj.

• Rank vectors and measurement errors. In order to make a full comparison of the
di�erent regression models when outliers disturb the data, we examine again the particular
case of measurement errors. Let us take two components t1, t2 and let w?h :=

∏h−1
`=1 (I −

whβ̂
ᵀ
` )wh, where I is the p×p identity matrix. Then the PLS1 regression can be expressed

as
y = c1t1 + c2t2 = (c1w

?
11 + c2w

?
21)x1 + · · ·+ (c1w

?
1p + c2w

?
2p)xp . (PLS1)

The PLS1 regression is de�ned with all regressors x1, . . . , xp, without any other variables
or instruments. In contrast, Yitzhaki and Schechtman (2004, 2013) show that Gini re-
gressions may be interpreted as OLS regressions with instrumental variables except that

6The rank vector is homogeneous of degree zero in xj , R(xj) = R(λxj) for λ > 0, as well as translation
invariant, R(xj) = R(xj + aj) with aj = (a, a, . . . , a) ∈ Rn. Hence the standardization of the variables
xj enables the data to be purged of measurement errors of the following form x̃j = λxj + a, as in PLS1
and Gini2-PLS1.

7We set for simplicity that cov(xj + u, y) − cov(xj , y) ≈ ∂cov(xj ,y)
∂xj

. On this basis we compute the

derivative of the weight w1j and we deduce the variation of V IP1j . Note that if the weight is negative

the converse is obtained: if wPLS1
1j < 0 and if cov(xj , u) ≶ 0 =⇒ ˜V IP 1j ≷ V IP1j .

8Note that if the weight is negative: if wGini2
1j < 0 and if cov(xj , u) ≶ 0 =⇒ ˜V IP 1j ≶ V IP1j .
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no assumptions are postulated (e.g. no linearity and no normality, among others). The
employment of rank vectors as instruments was �rst suggested by Durbin (1954). The
Gini1-PLS1 can be rewritten as follows, in order to outline the role of the rank vectors:

y ≈ c1t1 + c2t2

= c1

(
p∑
j=1

w1jxj

)
+ c2

(
p∑
j=1

w2j(R(xj)− β̂1jt1)

)

=

p∑
k=1

(
[c1w1k − c2

p∑
j=1

(w2jβ̂1jw1k)]xk + c2w2kR(xk)

)
. (Gini1-PLS1)

In Gini2-PLS1, the coe�cients δ̂Gh depend on the cogini operator and consequently on
R(xj). Since the cogini is invariant to increasing monotonic transformations, Gini2-PLS1
is also endowed with good properties to remove the outliers:

y ≈ c1t1 + c2t2

= c1

(
p∑
j=1

w1jxj

)
+ c2

(
p∑
j=1

w2j(xj − β̂1jt1)

)
(Gini2-PLS1)

=

p∑
k=1

c1 δ̂G1k√∑p
j=1(δ̂G1j)2

+ c2
δ̂G2k√∑p
j=1(δ̂G2j)2

− c2
p∑
j=1

δ̂G2k√∑p
j=1(δ̂G2j)2

β1jw1k

xk .
While the PLS1 regression equation is determined by the regressors only, Gini1-PLS1 and
Gini2-PLS1 exhibit in addition the rank vector of each regressor, in order to limit the
in�uence of the outliers.
Let us de�ne the measurement errors. For simplicity, let us take only one component
t1 and two regressors, such that x̃1 = x1 + u1 and x̃2 = x2 + u2, where u1, u2 represent
measurement error terms. As seen above in the contamination of the weights wj, we also
have w̃1 = w1 + ω1, w̃2 = w2 + ω2, and ỹ = y + v, with ω1, ω2 and v being measurement
error terms. Following the literature on this subject, the OLS regression implies that ĉ1
should be biased downwards. The measurement error τ of the component t1 is deduced
as follows:

t̃1 = w̃1x̃1 + w̃2x̃2

= t1 + w1u1 + ω1x1 + ω1u1 + w2u2 + ω2x2 + ω2u2︸ ︷︷ ︸
τ

= t1 + τ.

Then,

ĉ1 =
cov(ỹ, t̃1)

cov(t̃1, t̃1)
=

cov(y + v, t1 + τ)

cov(t1 + τ, t1 + τ)
.

Let στy := plim ( 1
n
τ ᵀy), σt1v := plim ( 1

n
tᵀ1v), στv := plim ( 1

n
τ ᵀv), στt1 := plim ( 1

n
τ ᵀt1),

σ2
τ := plim ( 1

n
τ ᵀτ), σ2

t1
:= plim ( 1

n
tᵀ1t1), and so

plim ĉ1 =
c1σ

2
t1

+ σt1v + στy + στv

σ2
t1 + στ2 + 2στt1

. (10)

If all errors are uncorrelated (σt1v = στy = στv = στt1 = 0), then we retrieve the classical
measurement error case, that is,

plim ĉ1 = c1
σ2
t1

σ2
t1 + σ2

τ

=: c1λ,
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where c1 is biased downwards since the attenuation bias λ =
σ2
t1

σ2
t1
+σ2

τ
∈ [0, 1]. Let us assume

that measurement errors occur in the regressors only and that they are not correlated with
y i.e. στy = σt1v = στv = 0, then

plim ĉ1 =
c1σ

2
t1

σ2
t1 + σ2

τ + 2στt1
.

As shown in the V IP section above, if the rank vectors remain the same, the weights
wj are invariant in the Gini1-PLS1 regression but not in the Gini2-PLS1 one. Hence,
στt1 remains lower in Gini1-PLS1 since the error term τ is of lesser importance, indeed
ω1 = ω2 = 0. This is not necessarily the case in Gini2-PLS1. On the other hand, if
στt1 < 0, the Gini2-PLS1 regression may yield an attenuation bias of lesser importance so
that the goodness of �t of the Gini2-PLS1 regression may be better than that of Gini1-
PLS1.
Thanks to the cogini operator the error terms ω1, ω2 are mitigated so that both Gini-PLS1
regressions are close to the results of the classical measurement error case, and, as such,
they provide better results than that of PLS1. We show in Section 5 that similar results
are obtained for outliers occurring in one observation only.

• Outlier detection may be investigated with the modi�ed Hotelling T 2, which is a
Fisher statistic:

T 2 =
n2(n− h)

h(n2 − 1)(n− 1)

h∑
`=1

t2`i
var(t`)

∼ F(h, n− h),

where var(t`) is the sample variance of t`. The modi�ed Hotelling T 2 indicates whether
the outliers have been removed, hence it justi�es the recourse to Gini-PLS regressions.

5 Applications

In this section we begin with some Monte Carlo simulations, then an application to
the well-known cars data is exposited in order to compare the PLS1 and Gini-PLS1
regressions.

5.1 Simulations

These simulations aim at comparing the regressions for two situations: (1) when outliers
occur both in the dependent variable y and in the regressors, and (2) when outliers arise
in the matrix X only. The main �ndings are: there is a superiority of Gini1-PLS1 in the
�rst case and of Gini2-PLS1 in the second one. In order to check for the robustness of
the Gini-PLS1 regressions for small samples, two simulations are implemented for each
situation: one with few observations n = 10 (contamination of 10% of the sample) and
another one with a much larger sample n = 500 (contamination of 0.2%). In all cases,
the benchmark simulation is the following.
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Benchmark Simulation

• Loop to θ = 100, . . . , 10, 000 (increment of 100: θ is a contamination value);
Loop to b = 1, . . . , 1, 000 = B (increment of 1: B is the number of simulations);

Generate a p-variate normal distribution X ∼ N (µ,Σ) such that µ = 0
with Σjj = 1, Σjl = cor(xj, xl) = 0.9 ∀j 6= l;
Let ε ∼ N (0, 1), �x any vector β and compute y =

∑
j βjxj + ε;9

[Contamination Step]: an outlier depending on θ is added to xj and/or y;
The Q2 statistic of the model with outliers is computed;

End b;
• End θ;

5.1.1 Outliers in xj and y

The simulations were done with p = 5 regressors (the number of regressors will be raised
in the next section) in order to test for the robustness of PLS1 (red line), Gini1-PLS1
(green line) and Gini2-PLS1 (blue line).
Contamination step: Let u ∼ N (0, 1). An outlier ui is added to only one regressor xj
and one observation i, so that the contaminated value is x̃ji = xji + θui (ui being the
maximum value of u). The outlier is assumed to be independent of xj: cov(xj, u) = 0. The
dependent variable y is a�ected accordingly: ỹ =

∑
k 6=j βkxk + βjx̃j + ε. More precisely,

the contaminated observation is ỹi = yi + vi with vi = βjθui such that v is correlated
with u, (cov(u, v) 6= 0). For each value of θ, we performed B = 1, 000 simulations. We
computed the mean over B of the predictive power of each regression. The �gures below
show the mean predictive power Q̄2 of each model with one component t1, for each value
of θ in abscissa (θ = 100, . . . , 10, 000).10

Figure 1a: Contamination of 10% (Q̄2) Figure 1b: Contamination of 0.2% (Q̄2)

Figure 1a shows that if the outlier ui is emphasized from θ = 100 to θ = 10, 000, then
the predictive ability of the Gini1-PLS1 model with one component t1 is signi�cant only
at Q̄2 ≈ 0.1 > 0.095. A bad adjustment is recorded for PLS1 since Q̄2 ≈ −3.5. Gini1-
PLS1 is then robust to an important degree of contamination (10%). In contrast to this,

9The vector β is randomly chosen to generate the true values of y. The same values of β are kept for
all b and for all θ. Simulations may be preformed with any given β. As shown in the measurement error
case above, the values of β, their signs, and their magnitudes have no implications for the results.

10For the sake of simplicity, we only present the results for the �rst component t1. The results are
similar for t2. Note that in all �gures, the maximum value in the abscissa is 1, that is, 1× 104.
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when the contamination is dilute (0.2%) in a much larger sample (n = 500, Figure 1b),
Gini1-PLS1 best adjusts the data (Q̄2 ≈ 0.8) and PLS1 becomes only just signi�cant
Q̄2 ≈ 0.1 > 0.095. Gini2-PLS1 is around Q̄2 ≈ 0, it is therefore not signi�cant. It is
noteworthy that if the error ui were the minimum value of u (henceforth negative), the
results would be equivalent.

On the other hand, we have also simulated the case where the error u is correlated
with the regressor xj. As an example, if the Pearson correlation is cor(u, xj) = 0.7, then
we get the following results.

Figure 2a: Contamination of 10% (Q̄2) Figure 2b: Contamination of 0.2% (Q̄2)

In the 10% contamination case, Gini1-PLS1 is again the best model. It displays Q̄2

statistics around 0.5, whereas Gini2-PLS1 and PLS1 are close to −0.2 and −3.5, respec-
tively. In the 0.2% contamination case, Gini1-PLS1 is top-ranked (Q̄2 ≈ 0.65), then PLS1
(Q̄2 ≈ 0.15), and �nally Gini2-PLS1 (Q̄2 ≈ −0.5).

5.1.2 Outliers in x

The Gini2-PLS1 regression should be preferred to Gini1-PLS1 when any given observation
xji is a�ected by measurement errors. We verify this result for simulations dealing with
outliers correlated or not with the regressors. Unlike the previous section, the number
of regressors is signi�cantly raised: p = 50. The benchmark simulation is the same as
before, except that p = 50.

1. Contamination step: the outlier is not correlated with the regressor xj. Only one ob-
servation xji is contaminated for one given regressor j. Let the outlier be u ∼ N (0, 1).
Only the value ui is added to xji, with i being a random localization. The contaminated
observation is x̃ji = xji + θui where cov(u, xj) = 0 and where θ = 100, . . . 10, 000 (incre-
ments of 100). The contaminated model is y =

∑50
k 6=j βkxk + βjx̃j + ε. The �gures below

present the values of the mean predictive power Q̄2 of each regression estimated with one
component t1 (for all values of θ in abscissa).
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Figure 3a: Contamination of 10% (Q̄2) Figure 3b: Contamination of 0.25% (Q̄2)

The mean predictive power (Q̄2) of PLS1 is extremely a�ected by the outlier [in the
small sample case (Figure 3a) and in the large sample one (Figure 3b)]. Gini1-PLS1 and
Gini2-PLS1 provide Q̄2 statistics being apparently very close. Actually, if we look at only
the mean Q2 statistics of Gini1-PLS1 and Gini2-PLS1 (Figure 4a) or Gini2-PLS1 alone
(Figure 4b), we �nd that Gini2-PLS1 is superior to Gini1-PLS1:

Figure 4a: Contamination of 10% (Q̄2): Figure 4b: Contamination of 10% (Q̄2):
Gini1-PLS1 vs. Gini2-PLS1 Gini2-PLS1

The Gini1-PLS1 regression provides negative Q̄2 statistics, then the predictive power
owing to the component t1 is not signi�cant (Figure 4a). In contrast, the Gini2-PLS1
regression displays high predictive powers with Q̄2 ≈ 0.9 (Figure 4b).

2. Contamination step: the outlier is correlated with all the regressors. An outlier vector
is set to be any given regressor u := xk. The outlier ui is added to all regressors xj for
the sole observation i, so that the contaminated observation is x̃ji = xji + θui for all
j = 1, . . . , p (i being a random localization) with θ = 100, . . . 10, 000 (increment of 100).
The model y =

∑50
j=1 βkx̃k + ε is estimated. For each value of θ in abscissa, we compute

the mean (over B) of the predictive power of t1 of each model (Q̄2).
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Figure 5a: Contamination of 10% (Q̄2) Figure 5b: Contamination of 0.2% (Q̄2)

As can be seen in Figures 5a and 5b, the models are not signi�cant since Q̄2 6 0. The
Gini2-PLS1 remains better, even if the size of the sample increases.

Finally, to conclude with the simulations, it is worth mentioning that the Monte Carlo
simulations do not depend on the data generating process. Actually, other laws could
have been investigated (Poisson, Binomial, etc.), but the results would be similar. Also,
when outliers disturb the values of the dependent variable y only, the superiority of the
Gini-PLS1 regressions over the standard PLS1 one does not hold any more.

5.2 Cars data

The previous section has put its emphasis on the predictive power of each regression by
computing their Q2 statistics. Nevertheless, Q2 yields the aggregated predictive power
of the model on the basis of all prediction errors outlined in PRESSh and RSSh−1.
Consequently, when one outlier arises in a given observation i, we can not say for sure
that the Gini-PLS regressions are going to o�er a better prediction for i. For that purpose,
an application to cars data is studied with tow components t1 and t2 in order to compare
the predictions of the models [for the database, see Tenenhaus (1998), Table 11 and Table
12 in Appendix B]. The following relation is investigated:

capacity = β0 + β1power + β2speed + β3weight + β4length + β5width + error .

The regressors are highly correlated with each other. The Pearson correlation coe�cients
are given in Table 1.

Table 1: Pearson Correlations

capacity y power x1 speed x2 weight x3 length x4 width x5
y 1 0.861 0.693 0.905 0.864 0.709
x1 1 0.894 0.746 0.689 0.552
x2 1 0.491 0.532 0.363
x3 1 0.917 0.791
x4 1 0.864
x5 1
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Table 1': Gini correlations Γ

capacity y power x1 speed x2 weight x3 length x4 width x5
y 0.663 0.380 0.885 0.846 0.719
x1 -0.722 0.246 0.502 0.507 0.466
x2 0.053 0.248 0.295 0.357 0.214
x3 0.962 -0.896 0.017 0.904 0.803
x4 0.959 -0.895 0.001 0.869 0.879
x5 0.834 -0.635 0.074 0.785 0.869

Above the main diagonal: Γxixj = cov(xj, R(xi))/cov(xj, R(xj)) [j = columns, i = rows]
Below the main diagonal: Γxjxi = cov(xj, R(xi))/cov(xj, R(xj)) [j = columns, i = rows]

The Gini correlations in Table 1' yield the same information compared with Pearson
correlations: the variables x3 and x4 are highly correlated with y.11

Obviously, estimating the model with OLS yields nonsensical results: the variables are
not signi�cant and the sign of the speed coe�cient is irrelevant.

Table 2: OLS Results

Variable Estimate Std. Error Student's t p-value
constant −450.318 1421.195 −0.317 0.755
power 6.323 4.270 1.481 0.156
speed -0.309 5.474 −0.057 0.956
weight 0.724 0.706 1.026 0.319
length 4.420 3.694 1.197 0.247
width −5.734 10.943 −0.524 0.607

R2 = 0.896

As can be seen in Table 3, all PLS regressions are very similar when the data are not
contaminated.

Table 3: PLS Results ŷ = ĉ1t1 + ĉ2t2
PLS1 Gini1-PLS1 Gini2-PLS1

R2 0.887 0.891 0.892
c1 0.483 0.482 0.028
c2 0.213 0.044 0.021

Q2 of t1 0.841 0.840 0.84
Q2 of t2 −0.3 −0.369 −0.339

Next, we provide the V IP statistics related to the two �rst components t1 and t2
(Table 4). PLS1 and Gini1-PLS1 yield V IP2j > 1 for the variables x3, x4, and in addition
x1 for PLS1. These regressors are those most correlated with y. Gini2-PLS1 provides
a V IP > 1 when the coe�cient of the semi-parametric regression y = δG1jxj + ej is
important: for x1, x3 and x4.

11Note that the negative signs of the Gini correlations cannot systematically assess the negative corre-
lation between two variables, see Yitzhaki (2003, p.293).
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Table 4: Variable Importance in the Projection (V IP2j)

PLS1 Gini1-PLS1 Gini2-PLS1
x1 1.065 0.986 1.008
x2 0.852 0.843 0.848
x3 1.089 1.142 1.139
x4 1.063 1.053 1.061
x5 0.908 0.950 0.918

The redundancies on X and on y are also very close (Tables 5 and 6). They yield the
variance share of y and X, respectively, explained by t1 and t2.

Table 5: Redundancy on y

PLS1 Gini1-PLS1 Gini2-PLS1
Rd(y; t1, t2) 0.887 0.891 0.892

Table 6: Redundancy on X

Rd(X; t1, t2) PLS1 Gini1-PLS1 Gini2-PLS1
x1 0.921 0.806 0.868
x2 0.708 0.547 0.574
x3 0.836 0.871 0.856
x4 0.909 0.882 0.902
x5 0.984 0.857 0.901

The p-values of the Hotelling T 2 are provided in Table 13 (Appendix B). They are
concerned with the database before contamination. The p-values are always greater than
5%. Hence the null is accepted, i.e., there is no outlier in the sample. Table 14 (Appendix
B) provides the estimates ŷi, which are very close to yi, for all (Gini-)PLS1 regressions.

Contamination step: In order to underline the sensitivity of PLS1 to outliers, we
stress only one value of the database. We multiply the last observation (i = 24) of the
�rst regressor x1 by 100: x̃1,24 = x1,24 × 100 = 9500. The regressions are of good quality,
as depicted in Table 7.

Table 7: Predictive power Q2

PLS1 Gini1-PLS1 Gini2-PLS1
Q2 of t1 0.790* 0.756* 0.419*
Q2 of t2 −0.290 −0.329 −221.473

* th signi�cant: Q
2 > 0.095

Q2 is computed with two components.

Gini2-PLS1 does not seem to be the appropriate model for making predictions. Actu-
ally, this interpretation is misleading since the Q2 statistic is based on all residual terms.
We will see that the prediction error computed using Gini2-PLS1 on the contaminated
observation is the lowest possible. In passing, we note that the Hotelling T 2 indicates
that the contaminated observation is really an outlier for PLS1 only. This means that
the PLS1 regression is not able to attenuate the e�ect of the extreme value included in
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the database. The observation i = 24 is indeed an outlier if the signi�cance level is set to
10%? Gini-PLS regressions do not record any outlier on t1 (see Table 8).

12

Table 8: p-value Hotelling T 2 for i = 24

PLS1 Gini1-PLS1 Gini2-PLS1
t1 0.097* 0.788 0.125
t2 0.009* 0.036* 0.001*

p-value: probability to accept H0.
H0 : the observation i is not an outlier.

*: signi�cant at 10%

The immediate consequence of the incapacity of PLS1 to moderate the in�uence of
the outlier is having biased V IP2j statistics. The V IP2j of x3 and x4 remain greater than
1, however x1 is no longer considered an important regressor in the projection (Table 9).
As shown in the measurement error section above, the Gini2-PLS1 regression provides
opposite variations compared with PLS1 at the location of the outlier: V IP21 increases.
The V IP2j statistics of Gini1-PLS1 underline the same important regressors as before the
contamination: x3 and x4 respectively.

Table 9: V IP2j on contaminated data

PLS1 Gini1-PLS1 Gini2-PLS1
x1 0.397 0.826 1.864
x2 0.993 0.892 0.536
x3 1.208 1.235 0.702
x4 1.184 1.065 0.661
x5 0.998 0.928 0.555

Most importantly, even if the Q2 statistics of PLS1 are the highest, its prediction on
the contaminated observation i = 24 is the worst compared with Gini1-PLS1 and Gini2-
PLS1. Indeed, the prediction error is two times higher than before the contamination.
The prediction errors of the Gini-PLS regressions exhibit less variations (Table 10).

Table 10: Prediction of y24 on contaminated data

Prediction of y24 = 1295 with t1 and t2
PLS1 Gini1-PLS1 Gini2-PLS1

1379.405 1339.674 1281.611
(−84.405) (−44.674) (13.389)
[−40.035] [33.951] [−8.810]

Prediction error: y24 − ŷ24
(): prediction error on contaminated data
[]: prediction error before contamination

To conclude, even if Gini2-PLS1 has globally the worst predictive power (Table 7), it
provides less prediction variations at the location of the contaminated observation. This
fact has been checked on di�erent observations xji of the database. The PLS1 regression
may o�er good Q2 statistics, however its V IP statistics are biased and its prediction
errors on the contaminated observations are important.

12It is important to note that Gini-PLS regressions do not aim at detecting outliers. They allow for
dealing with outliers without withdrawing them from the sample.
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6 Conclusion

The Gini1-PLS1 regression emphasizes the use of the cogini operator, which has two
fundamental properties: it captures a particular rank-linear correlation between the re-
gressors and the dependent variable, and it allows the impact of the outliers to be limited
since the cogini is founded on rank vectors. Thereby, the Gini1-PLS1 algorithm is a good
candidate for handling contaminated samples.

The Gini2-PLS1 regression also produces a good correction of the outliers when they
only occur in the regressors and when the number of regressors is important as shown in
the simulations. The weights wj are not deduced from a maximization process, as in PLS1
and Gini1-PLS1. They are derived from the slope of the semi-parametric Gini regression,
which possesses good properties with regard to removing the impact of extreme values.

When the outliers are small (in number and in intensity), there is no signi�cant di�er-
ence between the (Gini-)PLS1 regressions. We just note that when the contamination is
low, PLS1 bene�ts from its large sample properties, so that the model becomes signi�cant.
The Gini1-PLS1 regression provides good results when outliers a�ect both the regressors
and the dependent variable (either in large samples or small ones). The Gini2-PLS1 model
remains interesting for purifying the model from outliers that occur in the regressors only.

The perspectives opened up by the two regressions are wide. For instance, extreme
values are very common in �nance. Then, a Gini-PLS algorithm could be investigated
for time series such as stock returns. In the �eld of inequality measurement, it would
be possible to model individuals' income with Gini-PLS regressions since top incomes
(extreme values) arise in the last decile of the distribution. This would help capture the
dimensions (variables) that are mainly responsible for the global income inequality by
avoiding the bias coming from the correlations between the dimensions.

Finally, it is noteworthy that the weights coming from Gini2-PLS1 could be con-
structed with the parametric Gini regression (instead of the semi-parametric Gini one).
The parametric Gini regression is welcome if some non-linearity arises between the de-
pendent variable and the regressors. Hence, the Gini2-PLS1 regression could be enlarged
in the following way:

Step h : ε̂h−1 = δGhjû(h−1)j + ν(h−1)j,{
linearity between ε̂h−1 and û(h−1)j: δ̂Ghj =

cov(ε̂h−1,R(û(h−1)j))

cov(û(h−1)j ,R(û(h−1)j))
[non-parametric Gini]

non linearity between ε̂h−1 and û(h−1)j: δ̂Ghj = arg minG(ν(h−1)j) [parametric Gini].

In this respect, a non-linear Gini2-PLS1 regression could be investigated.
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7 Appendix A: Proof of Proposition 2

1. Properties (o)�(vi) of PLS1: See Tenenhaus (1998).

2. Properties (o)�(vi) of Gini1-PLS1.

(o) t1 ⊥ · · · ⊥th:
The proof is by mathematical induction. We follow Tenenhaus (1998, p. 101) for PLS1,
except that in our case, Û(0) := R(X) (the residuals are issued from the rank vectors
Eq.(7)).On the one hand, let us show that t1 ⊥ t2:

t1 ⊥ t2 ⇐⇒ tᵀ1t2 = tᵀ1 Û(1)w2︸ ︷︷ ︸
t2

= 0,

since tᵀ1Û(1) = 0, where 0 is the null (row) vector of size p. Suppose the following claim is
true:

[h]: t1 ⊥ t2 ⊥ · · · ⊥ th .

We have to show that [h+1] is true, i.e., th+1 is orthogonal to all components t1, . . . , th.
The relation [h] implies that tᵀhÛ(h) = 0, hence

tᵀhth+1 = tᵀhÛ(h)w(h+1) = 0 .

According to Steps 2�h, the partial regressions imply, for all j = 1, . . . , p,

R(xj) = β̂1jt1 + û(1)j = β̂1jt1 + β̂2jt2 + û(2)j = · · · =
h∑
r=1

β̂rjtr + û(h−1)j . (11)

The relation (11) provides Û(h) = Û(h−1)−thβ̂ᵀ(h), where thβ̂
ᵀ
(h) is the n×pmatrix containing

β̂hjth in columns, for all j = 1, . . . , p. Since [h] implies that tᵀh−1Û(h−1) = 0 and that
tᵀh−1th = 0, we get

tᵀh−1th+1 = tᵀh−1Û(h)w(h+1)

= tᵀh−1

(
Û(h−1) − thβ̂ᵀ(h)

)
w(h+1)

=
(
tᵀh−1Û(h−1) − tᵀh−1thβ̂

ᵀ
(h)

)
w(h+1) = 0 .

Using [h], we �nd

tᵀh−2th+1 = tᵀh−2

(
Û(h−1) − thβ̂ᵀ(h)

)
w(h+1)

= tᵀh−2

(
Û(h−2) − th−1β̂ᵀ(h−1) − thβ̂

ᵀ
(h)

)
w(h+1)

=
(
tᵀh−2Û(h−2) − tᵀh−2th−1β̂

ᵀ
(h−1) − t

ᵀ
h−2thβ̂

ᵀ
(h)

)
w(h+1) = 0 .

Finally, [h] yields

tᵀ1th+1 = tᵀ1

(
Û(h−1) − thβ̂ᵀ(h)

)
w(h+1)

=

(
tᵀ1Û1 − tᵀ1

h∑
r=2

trβ̂
ᵀ
(r)

)
w(h+1) = 0 .
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(i) wᵀ` β̂` = 1, ∀` ∈ {2, . . . , h}:

Let β̂h be the column vector whose elements are β̂hj for all j = 1, . . . , p. The components

th are given by wᵀhÛ
ᵀ
(h−1) = tᵀh, and so

wᵀ(h)β̂h = wᵀh
Ûᵀ(h−1)th

tᵀhth
. (12)

For h = 1, we have wᵀ1X
ᵀ = tᵀ1, and so wᵀ1 β̂1 = wᵀ1

R(X)ᵀt1
tᵀ1t1

6= 1 if R(X) 6= X. For h > 1,

we get wᵀhÛ
ᵀ
(h) = tᵀh. From expression (11), we have

β̂h =
Ûᵀ(h)th

tᵀhth
, (13)

and so wᵀhβ̂h = wᵀh
Ûᵀ
(h)
th

tᵀhth
=

tᵀhth
tᵀhth

= 1.

(ii) wᵀhÛ
ᵀ
(`) = 0, ∀` > h > 1:

Relation (11), R(xj) = β̂1jt1 + β̂2jt2 + · · ·+ û(h−1)j, yields

Û(h−1) − thβ̂ᵀh = Û(h). (14)

For h = ` = 1, we get R(X) ≡ Û(0) = t1β̂
ᵀ
1 + Û(1), and so

wᵀ1Û
ᵀ
(1) = wᵀ1

(
R(X)ᵀ − β̂1tᵀ1

)
= wᵀ1

(
β̂1t
ᵀ
1 + Ûᵀ(1) − β̂1t

ᵀ
1

)
= wᵀ1Û

ᵀ
(1) 6= 0.

For h = ` > 1, using (i), we deduce from (14) that

wᵀhÛ
ᵀ
h = wᵀh

(
Ûᵀ(h−1) − β̂ht

ᵀ
h

)
= wᵀhÛ

ᵀ
(h−1) − w

ᵀ
hβ̂ht

ᵀ
h

= tᵀh − t
ᵀ
h = 0.

For all ` > h > 1, expressions (i) and (13) yield

wᵀhÛ
ᵀ
(`+1) = wᵀh

(
Û(`) − t`+1β̂

ᵀ
`+1

)ᵀ
= wᵀhÛ

ᵀ
(`) − w

ᵀ
h

Ûᵀ(`)t`+1

tᵀ`+1t`+1

tᵀ`+1

= wᵀhÛ
ᵀ
(`) − w

ᵀ
hÛ
ᵀ
(`)(t`+1t

ᵀ
`+1)

−1t`+1t
ᵀ
`+1

= 0.

(iii) wᵀhβ̂` = 0, ∀` > h > 1:

Due to relations (i) and (13), we get

wᵀhβ̂` = wᵀh
Ûᵀ(`)t`

tᵀ` t`
.
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For ` > h > 1, relation (ii) provides the result.

(iv) wᵀhw` = 0, ∀` > h > 1:

Relation (ii) yields wᵀhÛ
ᵀ
(`) = 0, for all ` > h > 1. Thus

wᵀhw` = wᵀh
Û(`−1)ε̂`−1(∑p

j=1 cog
2
(
ûᵀ(`−1)j, ε̂`−1

)) 1
2

= wᵀh
Û(`−1)ε̂`−1∥∥∥Û(`−1)ε̂`−1

∥∥∥ = 0.

(v) tᵀhÛ` = 0, ∀` > h > 1:

Eqs. (14) and (11) imply

tᵀhÛ(`) = tᵀh

(
Û(`−1) − t`β̂ᵀ`

)
= tᵀh

(
R(X)−

h∑
`=1

t`β̂
ᵀ
`

)
= tᵀhÛ(h) = 0.

(vi) Û(h) 6= Û(0)

∏h
`=1 (I− w`βᵀ` ) , ∀h > 1:

Let h = 1, since Û(0) ≡ R(X), by equation (14) we have

Û(1) = R(X)− t1β̂ᵀ1
= R(X)−Xw1β

ᵀ
1

6= R(X) (I− w1β
ᵀ
1) , if X 6= R(X)

6= R(X)
h+1∏
`=1

(I− w`βᵀ` ) .

3. Properties (o)�(vi) of Gini2-PLS1.
All properties (o)�(v) are obtained in the same manner as in the Gini1-PLS1 case. As to
property (vi), let h = 1, since Û(0) ≡ X:

Û(1) = R(X)− t1β̂ᵀ1
= X −Xw1β

ᵀ
1

= X (I− w1β
ᵀ
1)

= X

h+1∏
`=1

(I− w`βᵀ` ) .

�
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8 Appendix B

Table 11: Descriptive Statistics of the Database

Variables Mean Standard deviation
capacity y 1906 528
power x1 114 39
speed x2 183 25
weight x3 1111 230
length x4 422 41
width x5 169 8

Table 12: Database of Cars data

capacity y power x1 speed x2 weight x3 length x4 width x5
1396 90 174 850 369 166
1721 92 180 965 415 169
1580 83 170 970 395 170
1769 90 180 1080 440 169
2068 88 180 1135 446 170
1769 90 182 1060 424 168
2986 188 226 1350 472 175
2675 177 222 1365 469 175
2548 182 226 1350 471 180
1998 122 190 1255 473 177
1905 125 194 1120 439 171
1993 115 185 1190 451 172
2494 171 208 1300 432 164
1994 160 214 1220 439 169
2933 150 200 1345 466 176
1995 120 177 1265 436 177
1952 87 144 1430 436 169
2109 112 149 1320 457 184
1117 50 135 810 371 162
1116 58 145 780 364 155
1580 80 159 880 370 156
1294 103 189 805 370 157
1461 100 181 925 363 161
1294 95** 184 730 350 160

** In the contamination step, this value is stressed to 9500.
Data from Michel Tenenhaus's website:

https://studies2.hec.fr/jahia/webdav/site/hec/shared/sites/tenenhaus/acces_anonyme/home/fichier_excel/auto_

2004.xls
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Table 13: Detecting outliers (before contamination)

p-value of the Hotelling T 2: component t1
Observations PLS1 Gini1-PLS1 Gini2-PLS1

1 0.374 0.372 0.373
2 0.724 0.726 0.726
3 0.566 0.573 0.572
4 0.931 0.938 0.936
5 0.980 0.970 0.972
6 0.829 0.835 0.834
7 0.132 0.136 0.135
8 0.158 0.161 0.160
9 0.112 0.114 0.113
10 0.428 0.421 0.422
11 0.738 0.740 0.739
12 0.705 0.700 0.701
13 0.478 0.492 0.490
14 0.442 0.452 0.449
15 0.283 0.282 0.282
16 0.635 0.625 0.627
17 0.989 0.987 0.996
18 0.564 0.545 0.550
19 0.121 0.123 0.123
20 0.095 0.094 0.094
21 0.201 0.199 0.199
22 0.332 0.322 0.324
23 0.393 0.388 0.389
24 0.240 0.233 0.235

p-value: probability of accepting the null hypothesis
(H0: the observation i is not an outlier).
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Table 14: Predictions with t1 and t2 (before contamination)

y Capacity ŷ PLS1 ŷ Gini1-PLS1 ŷ Gini2-PLS1
1396 1423.396 (-27.396) 1419.166 (-23.166) 1414.325 (-18.325)
1721 1675.463 (45.536) 1680.196 (40.803) 1641.281 (79.718)
1580 1545.578 (34.421) 1567.725 (12.274) 1546.295 (33.704)
1769 1824.537 (-55.537) 1885.984 (-116.984) 1797.550 (-28.550)
2068 1875.718 (192.281) 1912.501 (155.498) 1859.573 (208.426)
1769 1771.544 (-2.544) 1856.808 (-87.808) 1757.061 (11.938)
2986 2734.248 (251.751) 2699.604 (286.395) 2712.971 (273.028)
2675 2673.773 (1.226) 2667.458 (7.541) 2665.374 (9.625)
2548 2710.638 (-162.638) 2683.196 (-135.196) 2689.790 (-141.790)
1998 2237.076 (-239.076) 2203.832 (-205.832) 2214.322 (-216.322)
1905 2061.736 (-156.736) 1989.436 (-84.436) 2035.330 (-130.330)
1993 2070.559 (-77.559) 2035.220 (-42.220) 2059.637 (-66.637)
2494 2427.570 (66.429) 2431.430 (62.569) 2458.152 (35.847)
1994 2367.479 (-373.479) 2374.004 (-380.004) 2357.567 (-363.567)
2933 2446.408 (486.591) 2432.965 (500.034) 2453.215 (479.784)
1995 2080.815 (-85.815) 2047.949 (-52.949) 2117.984 (-122.984)
1952 1924.118 (27.881) 2093.160 (-141.160) 2046.214 (-94.214)
2109 2042.162 (66.837) 2099.032 (9.967) 2089.769 (19.230)
1117 1065.381 (51.618) 1087.010 (29.989) 1073.287 (43.712)
1116 1090.287 (25.712) 1076.071 (39.928) 1091.119 (24.880)
1580 1335.647 (244.352) 1335.793 (244.206) 1350.066 (229.933)
1294 1498.726 (-204.726) 1403.247 (-109.247) 1463.848 (-169.848)
1461 1530.093 (-69.093) 1505.154 (-44.154) 1549.448 (-88.448)
1294 1334.035 (-40.035) 1260.048 (33.951) 1302.810 (-8.810)

Prediction error yi − ŷi in parenthesis
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